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Chapter 1

Introduction

1.1 Biological membranes, transverse asymmetry,

and model systems

Lipids contain a polar head group and apolar chains, and in water this dual
character does not lead to a unique form of organization. Depending on molec-
ular geometry, lipid concentration, and the composition of the medium, lipids
may remain dispersed in solution, associate into micelles, or assemble into ex-
tended phases such as bilayers [1, 2]. Which form prevails is determined by
the balance of free energy. The same lipid may therefore adopt different forms
of organization when these conditions change. Under the conditions found in
cells and in the vesicle suspensions considered here, this balance favors the
bilayer, a film about 5 nm thick that can extend laterally over micrometers.
Aggregation is driven primarily by the response of water rather than by a
direct attraction between the lipids themselves. An apolar chain exposed to

water induces a more ordered arrangement of the surrounding solvent, with an



entropic cost that increases with the exposed surface area. Bringing the chains
together reduces their contact with water and thereby recovers part of this en-
tropy. Dispersion forces between the chains further stabilize the aggregate,
whereas hydration and repulsive interactions between the head groups oppose
close packing. The balance between these contributions determines the area
occupied by each molecule at the interface [3].

Aggregation also depends on concentration. For amphiphiles that form mi-
celles, below a characteristic concentration, the critical micelle concentration,
molecules are present predominantly as free monomers. Above it, monomers
coexist with aggregates, with molecules continuously exchanging between the
two populations. Aggregation is therefore an equilibrium process rather than
an irreversible step.

Which type of aggregate forms is instead strongly influenced by molecu-
lar shape. The ratio between the volume of the apolar region, the length of
the chains, and the area occupied by the head group determines the preferred
curvature of the interface. A molecule whose head group is wide relative to
its chains tends to form micelles, one whose head group and chains occupy
comparable cross-sectional areas favors bilayers, whereas one with a relatively
small head group favors inverted phases [2, 4] (Figure 1.1). Phosphatidyl-
choline and sphingomyelin broadly belong to the second group and therefore
readily form bilayers. In contrast, phosphatidylethanolamine, with its smaller
head group, has a tendency toward inverted phases. Within a bilayer, the hy-
drocarbon chains may in turn be ordered or disordered. The transition between
these states occurs at a temperature that depends mainly on chain length and

degree of saturation, ranging from below 0 °C for some monounsaturated phos-



phatidylcholines to above 40 °C for saturated sphingomyelins [5].
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Figure 1.1: The packing parameter 11 = v/(aL), with v the volume of the apolar
region, a the area of the head group, and L the length of the chains, and the
aggregate it favors: spherical micelles below 1/3, cylindrical micelles between
1/3 and 1/2, curved bilayers and vesicles between 1/2 and 1, planar bilayers
around 1, and inverted phases above 1. After [3].

The interest in membrane structure extends well beyond structural biology.
Membrane proteins account for about 30% of the mammalian proteome and
about 60% of known drug targets. Their activity depends on the surrounding
lipid matrix, both through specific lipid-protein interactions and through bulk
properties such as membrane thickness and lipid packing [6]. Alterations in
lipid homeostasis are associated with conditions as diverse as type 2 diabetes,
cancer, and neurodegeneration [7].

In pharmacology, membranes play a dual role: they are barriers that com-
pounds must cross, but they can also serve as delivery vehicles, since liposomes
form the basis of several formulations already in clinical use. In such sys-
tems, membrane composition influences both drug loading and release prop-
erties [8, 9], while the compositions of the two leaflets provide an additional

degree of freedom for their design. Finally, in materials science, the selectivity



of biological membranes provides a benchmark for synthetic membranes used
in desalination and water purification, including systems built around biologi-
cally derived water channels such as aquaporins [10].

The lipid matrix itself is far from uniform in composition. Eukaryotic
cells devote about 5% of their genes to the synthesis of thousands of distinct
lipids [1, 7]. This diversity appears at different levels of biological organization
and concerns the polar head group, the backbone, and the acyl chains, which
occupy different regions of the transverse membrane profile.

The two leaflets of a bilayer are not copies of one another. In mammalian
plasma membranes, the outer leaflet is enriched in the choline-containing lipids
phosphatidylcholine and sphingomyelin, whereas phosphatidylserine, phos-
phatidylethanolamine, and phosphatidylinositol are enriched in the cytosolic

leaflet [1, 11] (Figure 1.2).
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Figure 1.2: Left, the fractions of the total membrane lipid repre-
sented by sphingomyelin, phosphatidylcholine, phosphatidylserine, and phos-
phatidylethanolamine in the exoplasmic and cytosolic leaflets of the human
red blood cell. Right, the same distribution represented on a vesicle. From [2],
after the data of Verkleij and coworkers.

This arrangement is not an equilibrium state. It is maintained by trans-



porters that consume ATP to move lipids against their spontaneous distribu-
tion, whereas scramblases allow lipid head groups to cross the hydrophobic
core [11]. Asymmetry is therefore a normal property of cell membranes rather
than a laboratory construction, and the metabolic cost required to maintain
it suggests that it has functional significance rather than being merely toler-
ated [11]. The transverse distribution of cholesterol, the most abundant indi-
vidual membrane component at about 40 mol%, remains disputed, with exper-
imental studies placing it preferentially in either leaflet [11].

Compositional asymmetry is accompanied by a corresponding physical
asymmetry. The acyl chains of the outer leaflet are predominantly saturated,
whereas those of the inner leaflet are predominantly polyunsaturated, with an
average of 1.6 double bonds per lipid in the outer leaflet compared with 3.4 in
the inner leaflet [12]. Because saturation affects how closely lipids pack, the
two leaflets differ in packing, lateral diffusion, and the occurrence of transient
defects at the head-group level, with the outer leaflet being the more ordered
of the two [12]. The shapes of protein transmembrane domains reflect the
same asymmetry, and this pattern is conserved across eukaryotes [12]. The
two leaflets therefore differ not only in composition but also in their transverse
structure, that is, in the positions and widths of the different chemical groups
along the membrane normal. Structural measurements can provide direct ac-
cess to these quantities.

A cell membrane, however, is difficult to characterize directly in its native
context because of its heterogeneous and variable composition. Measurements
on intact biological vesicles may also contain contributions from material en-

closed within the vesicle and from other associated cellular components. For



this reason, a common experimental strategy is to reconstitute membranes from
a limited number of known lipid species, so that composition, size, and ge-
ometry can be controlled by the preparation [13, 14]. Such model systems
trade the biological complexity of the cell for control over the variables of
the experiment. Model membranes fall broadly into two families that are not
interchangeable, since membranes suspended in solution and membranes de-
posited on a support are accessible to different experimental techniques [14]

(Figure 1.3).
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Figure 1.3: (a) Membranes in solution: a multilamellar and a unilamellar vesi-
cle. (b) Membranes on surfaces: a bilayer on a solid support and a monolayer
at the air-water interface. From [14].

Vesicles in suspension are commonly classified by size: small vesicles have
radii below about 100 nm, large vesicles lie above this range, and giant vesicles
exceed about 1 um [14]. Giant vesicles can be observed individually under a

microscope, making the response of a single membrane to mechanical, elec-
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trical, or chemical perturbations directly accessible [15]. Large unilamellar
vesicles, by contrast, are too small for such observations, since a diameter of
about 200 nm lies close to the resolution limit of optical microscopy. This
same size range, however, makes them well suited to small-angle X-ray and
neutron scattering, SAXS and SANS respectively, or SAS in general.

The volume of suspension illuminated by the X-ray or neutron beam con-
tains a very large number of vesicles in random orientations, so that the mea-
sured intensity represents an average over the entire population. The vesicles
are nevertheless large enough that, with radii more than an order of magnitude
greater than the bilayer thickness, the membrane can be regarded as locally
flat. Under this approximation, its transverse structure can be analyzed inde-
pendently of the overall vesicle geometry (Sec. 1.2).

Large unilamellar vesicles also provide a convenient experimental system
for reproducing the compositional asymmetry of biological membranes. Start-
ing from initially symmetric vesicles, an asymmetric bilayer can be prepared
by cyclodextrin-mediated exchange, in which lipids in the outer leaflet are re-
placed by lipids supplied by a donor population while the inner leaflet remains
largely unchanged. The phospholipid asymmetry produced in this way is suf-
ficiently stable to persist for hours to days [2, 16].

Different model-membrane preparations provide access to different aspects
of membrane structure. Giant vesicles can be observed individually by fluo-
rescence and confocal microscopy, revealing their lateral organization and its
response to external perturbations [15]. In supported bilayers, atomic force
microscopy provides information on surface morphology and local thickness,

whereas reflectometry probes the structure along the membrane normal [14].
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For vesicles in suspension, corresponding structural information is obtained
by scattering techniques: X-rays and neutrons probe length scales comparable
with the bilayer thickness and thereby provide access to its transverse struc-
ture [14]. Lateral organization is not entirely inaccessible in suspension either.
Small-angle neutron scattering, when combined with fluorescence resonance
energy transfer, can constrain the size of nanoscopic membrane domains [17].

The present work focuses on the organization of the membrane along its
normal, resolved separately for the two leaflets. Rather than representing
the bilayer as a small number of uniform regions, the model describes its
transverse structure in terms of the chemical groups that constitute the lipid
molecules (Sec. 1.3). Each group contributes according to its scattering length
density (SLD), which for X-rays is directly related to its electron density. Dif-
ferences in SLD between neighboring groups provide the contrast needed to
distinguish their contributions to the scattering signal. Structural changes be-
tween different conditions can therefore be localized, within the resolution al-
lowed by the data and the model, to particular regions of the lipid molecules
rather than being assigned only to the membrane as a whole.

The measurements analyzed in this thesis were obtained by small-angle
X-ray scattering from symmetric and asymmetric large unilamellar vesicles.
The work was carried out within the Molecular Biophysics group of the Uni-
versita Politecnica delle Marche, which has long studied membrane systems by
small-angle scattering and in which both the structural model used here and the
program implementing it were developed (Sec. 1.3). Describing the bilayer at
the level of individual chemical groups necessarily introduces a relatively large

number of structural parameters. The central question of this thesis is therefore
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how much of this detailed structure is actually determined by the experimental
SAXS curves, and which parameters, or combinations of parameters, can be

recovered reliably from them (Secs. 1.4 and 1.6).

1.2 Small-angle scattering from bilayers

1.2.1 Source and elastic scattering by electrons

In a small-angle scattering experiment on a dilute suspension, the useful signal
1s weak and is recorded in the vicinity of the much more intense transmitted
beam. Reliable measurements therefore require both high photon flux and a
well-collimated beam, so that sufficient intensity is collected without compro-
mising access to the smallest scattering angles. These conditions are provided
by synchrotron sources, whose flux greatly exceeds that of conventional labo-
ratory sources and whose beam divergence can be kept sufficiently small [18].
For this reason, the measurements analyzed in this work were performed at a
synchrotron beamline (Sec. 2.3).

When X-rays interact with the sample, their electric field drives the elec-
trons into oscillation. Each electron then acts as a secondary source, emitting
radiation with the same wavelength A as the incident beam (Figure 1.4). In the
elastic scattering considered here, no energy is transferred to the sample, and
this process provides the dominant contribution to X-ray scattering [19]. The
intensity recorded at each point of the detector results from the constructive
and destructive interference of the waves scattered by all electrons within the

illuminated volume.
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Figure 1.4: Elastic scattering of X-rays by an electron. The incident wave, with
wave vector kg along z, sets the electron oscillating, and the electron re-emits
a spherical wave of the same wavelength. k is the wave vector of the wave
scattered towards the detector, at an angle 260 from the incident direction; o is
the angle between k and the direction x of the incident electric field.

1.2.2 The scattering vector

The waves scattered by different electrons have the same wavelength as the
incident wave, but they do not in general reach the detector with the same
phase. Consider two scattering centers separated by a vector r. Because the
incident wave reaches the two centers at different positions, and because the
scattered waves then travel toward the detector along the same observation
direction, the two contributions acquire a relative phase that depends on both
the incident and the scattered wave vectors.

This phase difference can be written as

q-r,

where

q = ko—k (1.1)
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1s the scattering vector. Here K and k are the wave vectors of the incident and
scattered waves, respectively. Since the scattering is elastic, their moduli are
equal,
2
ko| = k| = —.
kol = K| ==
If the scattered beam forms an angle 20 with the incident beam, the geom-

etry of the two wave vectors gives

4
g = TnsinG. (12)

The pattern recorded on the two-dimensional detector is the result of that inter-
ference. For scattering centers arranged on planes a distance d apart, the waves
scattered by successive planes interfere constructively when their difference in

path is a wavelength, which is Bragg’s law [20],

A = 2dsin®. (1.3)

The variable g has the dimensions of an inverse length, and combining (1.3)
with (1.2) shows that a periodicity d in the sample contributes at ¢ = 27/d.
Small angles therefore correspond to large distances, and the g-range between
the smallest and the largest accessible value sets the range of distances on

which a measurement carries information.

1.2.3 Amplitude, contrast and the measured cross section

For a continuous distribution of electrons, the total scattering amplitude is ob-

tained by integrating over the electron density p.(r) within the illuminated
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volume. Since the scattering amplitude of a single electron is proportional to
the classical electron radius r,, the corresponding scattering length density is
rePe(r). The solvent contributes to the scattering as well. The relevant quantity
1s therefore not the electron density of the sample alone, but its excess over the
solvent electron density pg. The excess scattering length density, or contrast,
is thus r.[p.(r) — po]-

After reduction to absolute units, the measured quantity is the macroscopic
differential scattering cross section. It represents the scattering into the solid

angle dQ per unit incident flux and per unit irradiated volume (Figure 1.5) [19,

S - E([-menaf) o

where V is the irradiated volume and (-) denotes the average over the configu-

21],

rations sampled during the measurement. The role of contrast is immediately
apparent from (1.4): a region whose electron density is equal to that of the

solvent does not contribute to the scattering, regardless of its shape.

scattering particle scattered beam

dI [s7Y

incident beam
D [em 2 57}

Iy 7]

Figure 1.5: The geometry of the differential scattering cross section. The in-
cident beam, of flux ®( and intensity Iy, travels along Kq; the particle scatters
into the solid angle dQ2 around Kk, at a distance r, the intensity d/. The scatter-
ing vector is q = kg — k.

For a suspension of particles, the integral in (1.4) can be decomposed into

contributions from the individual particles. The scattering amplitude of a single
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particle is

Fol@) = [ [pe(r) ~ po] " ar. (1.5)

and for identical particles the cross section becomes

dx

5@ = renp(IFp(@)?), Swr (), (1.6)

where n,, is the number of particles per unit volume, (-) denotes the average
over orientations, and Sys(g) accounts for correlations between the positions
of different particles. In a dilute suspension, the particles rotate freely and
have no preferred orientation. The measured scattering is therefore isotropic
and depends only on the modulus g of the scattering vector. If correlations

between different particles are negligible, then Sys(g) = 1.

1.2.4 The orientational average and the reduction to one di-
mension

A bilayer extends laterally over distances much larger than its thickness. This
separation of length scales makes it possible to reduce the scattering problem
to the structure along the membrane normal. Consider a flat membrane rep-
resented as a disk of radius R, with an electron density that varies only along
the normal. In cylindrical coordinates, the integral in (1.5) separates into an
in-plane contribution and a Fourier transform along the normal. The in-plane

integration gives a Bessel function,

a2 Ji(qRsiny) _/ R
Fy(q) = 27R F(qcosw)—quinw ,  Flq) = [ |pe(z) —po] "% dz,

(1.7)
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with y the angle between ¢ and the normal. The function F(g) is the form
factor associated with the transverse structure of the bilayer and contains the
information carried by the scattering curve about the electron-density profile
along the normal.

When R is large compared with the bilayer thickness, the factor containing
J1(gRsiny) is strongly concentrated around sin y = 0. Significant scattering
therefore arises mainly when q is nearly parallel or antiparallel to the mem-

brane normal. Carrying out the orientational average in this limit gives

IR@PR)y = 34 F (@) (19
with Ap = TR? the area of the particle in its plane, that is, the area of the whole
membrane and not the area per lipid of the model (Sec. 2.6).

The result does not depend on the choice of a circular membrane. The
same calculation for a square slab or an oblique prism gives the same expres-
sion, with A, replaced by the corresponding in-plane area. The factor 27/ g is
therefore a consequence of the orientational average of a flat, extended particle
rather than of the particular disk geometry. Substituting (1.8) into (1.6), with
Su(g) = 1 for unilamellar vesicles, gives

dz , 2m ’

Fe nPAP_z |F(Q)

0@ = ; (1.9)

The lateral geometry enters only through the product npAp, which is the
total bilayer area per unit volume of sample. The Luzzati thickness dp is the
volume of dry lipid per unit area of bilayer [22], so that npAp = ¢1./dp, with ¢

the volume fraction of lipid, fixed by the concentration. The factor 27 /(g%dp)
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1s therefore the same factor that appears in the intensity of the model used here
(Sec. 2.6).

A multilamellar particle contains a stack of parallel bilayers whose posi-
tions are correlated along the membrane normal. These correlations belong to
the particle itself and are distinct from the correlations between different par-
ticles described by Sys(¢), which remains unity between independent stacks.
Their orientational average introduces a lamellar structure factor multiplying
IF(q)|?in (1.9) (Secs. 1.3 and 2.6). From (1.7) onward, the structural problem
1s therefore reduced to one dimension, and the remaining task is to choose a

suitable representation of p.(z) (Sec. 1.3).

1.3 Chemical-group models and non-idealities of
the signal

The model developed in this work is based on the locally flat membrane de-
scription introduced in Sec. 1.2. It therefore returns the transverse profile of a
bilayer averaged over the vesicle population, while the overall geometry of the
vesicle does not enter explicitly into that profile.

An alternative description treats a vesicle as a set of concentric spherical
shells, with radial coordinates measured from the center of the particle and
the scattering amplitude evaluated in spherical coordinates. This is not simply
another representation of the same model. The two descriptions use different
geometrical origins, the center of the vesicle in the spherical case and the bi-
layer midplane in the planar one, so that their structural parameters are not

directly equivalent. A concentric-shell description is most appropriate when
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vesicle curvature cannot be neglected, for example when the vesicle radius is
not much larger than the membrane thickness. The flat description is adopted
here because the vesicles considered in this work are large compared with the
thickness of the membrane (Sec. 1.1).

The simplest models of the transverse profile divide the membrane into
a small number of regions of uniform SLD, for example a core-shell repre-
sentation of the vesicle or a set of slabs across a planar bilayer (Figure 1.6,
right). Such models contain only a limited number of parameters, typically
the SLD and thickness of each region. Their simplicity is an advantage when
only coarse structural information is needed, but they cannot resolve how the
different chemical groups are distributed within each region.

Chemical-group models are introduced precisely to recover this finer level
of structural detail. Instead of assigning a single uniform SLD to a broad
membrane region, they represent the bilayer as the superposition of contribu-
tions from distinct chemical groups. The price of this additional resolution is a
larger number of model parameters, which makes the fit less well constrained
by the scattering data alone. Additional a priori information is therefore re-
quired to restrict the physically meaningful parameter space. For example, the
volumes assigned to the different chemical groups are commonly constrained
using independent information from densitometry, molecular simulations, or
complementary scattering measurements [23, 24].

An asymmetric membrane requires the two leaflets to be described inde-
pendently, since they may differ in area per lipid, thickness, and the positions
of their chemical groups. The resulting transverse profile is no longer symmet-

ric with respect to the bilayer midplane. Models of this kind have already been
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Figure 1.6: The electron density profile of POPC from the fit of this work
(Sec. 2.6), with the midplane at z = 0. Left, the contributions ¢,(z)p, of the
chemical groups, volume fraction times electron density of the group, and their
sum p,(z). Right, a schematic of the same lipid as uniform layers: the two
terminal methyls, the rest of the chains (28 CH, and 2 CH), the head groups
with the water that fills their layer, and the solvent. The height of each bar is
the electron density of what the layer contains and its width holds the volume
per lipid; the curve is the same profile with its steps smoothed (6 = 1.5 A).

applied to asymmetric vesicles. A chemical-group model based on Gaussian
distributions was developed for the joint analysis of X-ray and neutron scatter-
ing data from vesicles made asymmetric by lipid exchange, allowing the area
per lipid and the hydrocarbon thickness to be determined separately for the two
leaflets [25]. Earlier, small-angle neutron scattering data had been analyzed us-
ing a simpler four-slab representation to resolve the transverse structure of an
asymmetric model membrane [26].

The model used in this work originates from the modified scattering density

20



profile (MSDP) model [27], which provides a chemical-group description of
the transverse structure of a bilayer. In MSDP, the distribution of each chem-
ical group along the membrane normal is represented by an erf slab: a region
with an approximately uniform volume fraction in its central part and smoothly
decaying edges described by error functions. Its position, half-width, and edge
smoothing determine the location and spatial extent of the group. The hy-
drophobic region is described in the same way by an error-function envelope,
whose midpoint defines the hydrophobic thickness. Once the volume fractions
of the lipid groups have been specified, the local water volume fraction is ob-
tained as the complement to unity.

MSDP is implemented in GENFIT, the program developed by the Molecu-
lar Biophysics group of the Universita Politecnica delle Marche for the analysis
of small-angle X-ray and neutron scattering data [28]. This implementation is
particularly useful for models of this kind because GENFIT allows parame-
ters to be linked by explicit constraints and functional relations, both within a
single dataset and across several datasets. Independent information, common
structural parameters, and dataset-specific quantities can therefore be incorpo-
rated directly into a global analysis.

In its original formulation, however, MSDP describes a symmetric bilayer:
each chemical group in one leaflet has an equivalent group at the mirror-related
position in the opposite leaflet. The two leaflets therefore share the same struc-
tural parameters, and the model cannot independently describe their transverse
structures.

The asymmetric scattering density profile (ASDP) model extends MSDP

to bilayers that lack that symmetry, and it is a new model for the analysis of
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SAXS data from asymmetric membranes. It assigns to each monolayer its own
composition, its own area, and its own group positions and widths, and it de-
scribes every chemical group of both monolayers as an erf slab; Sec. 2.6 gives
its form. The other major software packages for the analysis of SAXS data
available online do not offer this approach. The implementation of ASDP in
GENFIT was developed alongside the work reported here, and no application
of it to experimental data has been published.

A measured curve, however, is not the form factor of one isolated bilayer.
Vesicle suspensions contain a fraction of particles with more than one lamella.
The bilayers of such a particle are separated by a nearly constant repeat dis-
tance and scatter in phase, which produces lamellar correlation peaks and,
more generally, a structure factor that redistributes intensity around them [29,
30]. Structures much larger than the membrane thickness, such as aggregates
and residual multilamellar material, raise the intensity at the lowest g with a
signal that carries no information on the bilayer.

Each of these contributions has to be represented explicitly in the model,
and what is not represented is attributed to the membrane, where it appears
as a distortion of the profile. How the signal is decomposed in this work is
described in Sec. 2.6.

The information in a SAXS curve of finite g-range and finite precision,
however, does not grow with the number of parameters. Whether the data

determine what the model is free to vary is the subject of Sec. 1.4.
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1.4 The inverse problem

The structural information contained in a SAXS curve is limited in two funda-
mental ways. First, the cross section in (1.9) depends on the squared modulus
of the amplitude, |F(g)|?, rather than on F(q) itself. The phase of the ampli-
tude is therefore not measured, and the real-space profile cannot be recovered
directly and uniquely from the scattering intensity alone. Second, the experi-
ment samples only a finite range of g. The corresponding real-space resolution
is consequently limited, with the smallest length scale that can be distinguished
from the data alone being of the order of 27 /gmax, about 13 A for the measure-
ments considered here (Sec. 2.5).

The membrane structure must therefore be inferred through a model. A set
of structural parameters defines the transverse profile, from which the corre-
sponding SAXS curve is calculated. The parameters are then varied until the
calculated curve reproduces the experimental data as closely as possible. The
discrepancy between model and experiment is quantified through a weighted
sum of squared residuals, with each residual scaled by the uncertainty assigned
to the corresponding data point. The objective function minimized in this work
has this form, although it should not be interpreted as a reduced y? in the strict
statistical sense. The reasons for this distinction, which arise from the treat-
ment of experimental uncertainties, are discussed in Sec. 2.7.

A good agreement between model and data does not, however, imply that
all model parameters are independently determined. Two parameters may af-
fect the calculated curve in nearly the same way, so that a change in one can
be compensated by a change in the other with little effect on the fit. A re-

curring example in this work is provided by the two parameters that describe
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a chemical-group distribution, its half-width and the smoothing of its edges.
Increasing one while decreasing the other can leave the overall extent of the
distribution nearly unchanged and, over the accessible g-range, produce al-
most the same scattering curve. Other combinations of changes alter the profile
more strongly and are therefore more readily detected by the data. A fit may
thus converge reproducibly even when the individual parameter values remain
poorly determined. The position reached along such a weakly constrained di-
rection may depend appreciably on the initial values and on the optimization
path, rather than being uniquely selected by the experimental data.

This behavior can be quantified through the local sensitivity of the model
to its parameters. Near a minimum, small changes in the calculated curve
are described by the first derivatives of the model with respect to those pa-
rameters. Arranging these derivatives in a matrix and applying singular value
decomposition identifies orthogonal directions in parameter space with differ-
ent sensitivities of the calculated curve. Large singular values correspond to
parameter combinations that strongly affect the observable and are therefore
well constrained by the data. Small singular values identify directions along
which substantial changes in the parameters produce only minor changes in the
calculated curve. In a highly parameterized model, such weakly constrained
directions may involve a substantial fraction of the available parameters.

Non-identifiability can arise for two different reasons. It is structural when
different parameters enter the observable only through the same combination,
so that no measurement of that observable can determine them separately. It is
practical when the parameters are distinguishable in principle, but the available

data lack the g-range, contrast, or precision required to resolve their different
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effects. The procedure used in this work to quantify non-identifiability is de-
scribed in Sec. 2.11.

Local flat directions are not the only source of ambiguity. The objective
function may also contain several distinct minima separated by regions of
higher value. Independent optimization runs can then converge to different
solutions, depending on their initial conditions and on the stochastic trajec-
tory of the optimizer. This situation is conceptually different from local non-
identifiability. A flat direction describes weak sensitivity in the neighborhood
of a particular minimum, whereas multiple minima reflect the global structure
of the objective-function landscape. The two cases therefore require different
forms of analysis.

For this reason, the results reported here do not rely on a single opti-
mization. The final configuration was optimized in thirty independent runs
(Sec. 2.10). The resulting solutions separate into two distinct groups, which
differ in the extent to which the choline distribution protrudes beyond the phos-
phate distribution (Chapter 3).

The problem remains tractable because the model parameters are not treated
as completely unconstrained quantities. Physical information enters through
bounds on parameter ranges, restrictions on the ordering and spatial extent
of the chemical groups, molecular volumes obtained from independent mea-
surements, and parameters shared across datasets. A chemical-group model
is particularly well suited to this approach because many of its parameters
correspond to quantities that can be constrained by independent physical in-
formation. The inferred structure therefore results from the combination of the

SAXS data with these external constraints, rather than from the scattering data
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alone.

This distinction is essential when interpreting the results. Demonstrating
that a model is compatible with the data is a weaker statement than assign-
ing a specific value and uncertainty to an individual parameter. The latter
requires showing that the parameter, or the relevant combination of parame-
ters, is actually constrained by the measurement rather than primarily by the
imposed physical restrictions. Establishing which structural features support
which level of inference is therefore itself part of the analysis.

Two complementary approaches are used for this purpose. The derivative-
based analysis is local and identifies the combinations of parameters to which
the SAXS curves are sensitive around a given minimum. The ensemble of in-
dependent optimizations probes the problem more globally by showing which
structural features persist across the different minima reached by the optimizer.
Both analyses are nevertheless based on the same model, the same experimen-
tal data, and the same weighting scheme, and therefore share the assumptions
of the SAXS analysis. Molecular dynamics provides an external point of com-
parison by describing membranes of the same composition without relying on
the scattering model or on the parameterization used in the SAXS analysis

(Sec. 1.5).

1.5 Molecular dynamics as an external criterion

A molecular dynamics (MD) simulation numerically integrates the equations
of motion for all atoms within a hydrated bilayer patch enclosed in a simula-

tion box with periodic boundary conditions in all three dimensions. The inter-
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atomic forces derive from an empirical force field, which models the potential
energy as a function of atomic coordinates. The parameters of this force field
are calibrated using quantum-mechanical calculations on model compounds
and experimental data from simpler systems [31]. In the additive formulation
standard for lipids, the total energy is decomposed into bonded interactions (in-
ternal to the covalent structure) and non-bonded pairwise interactions between

non-adjacent atoms [32].
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where b, 0, S, ¢, and ® represent the bond lengths, valence angles, distances
between 1-3 atom pairs (separated by two bonds), torsion angles, and improper
dihedral angles, respectively; r;; denotes the interatomic distance and g; the
partial atomic charges. The bonded terms (M) constrain the molecular geom-
etry, whereas the non-bonded terms (M), summed over atom pairs separated
by more than two bonds, govern chain packing, polar group hydration, and
1on interactions, thereby determining the transverse organization of the bilayer
along the normal. The simulation yields a trajectory (a sequence of atomic co-

ordinates stored at regular time intervals) from which time averages of physical
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quantities are computed. For a lipid membrane, these include the area per lipid,
bilayer thickness, group volume, and the trans-bilayer distributions of chem-
ical groups, matching the observables used to describe the transverse profile
in Secs. 1.2 and 1.3. For a fluid bilayer comprising a few hundred lipids, tra-
jectories of a few hundred nanoseconds provide sufficient sampling for these
structural properties, though slow processes such as inter-leaflet lipid flip-flop
require significantly longer timescales.

The simulation does not use the SAXS curves and does not share the as-
sumptions of the model used to analyze them. No functional form is imposed
on the group distributions, which are obtained simply by counting the atoms
along the bilayer normal; the simulation takes only the composition and the
temperature from the experimental conditions. The distributions obtained in
this way can be converted into volume fractions and electron density [33]. Rep-
resented with the erf slabs of the model, they are reduced to the same structural
parameters returned by the fitting procedure, and the residual of that represen-
tation measures how well the erf slabs reproduce distributions on which no
functional form has been imposed (Sec. 2.15.3).

The comparison is therefore carried out on these quantities, between the
values obtained from the fit and those calculated from the trajectory, and not
between calculated and measured scattering curves. What is being evaluated is
the asymmetric scattering density profile model (ASDP, Sec. 2.6), specifically
whether the structure it returns from a curve corresponds to the real structure
of a membrane with that composition. Everything that separates a measured
intensity from the form factor of a single bilayer, such as the multilamellar

component, the non-specific low-g excess intensity, the background, and the
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instrumental resolution, belongs to the experiment and not to the model. There-
fore, a comparison directly in g-space would include these experimental effects
along with the model itself. Both agreement and disagreement are informative,
and the goal is neither to validate the simulation against scattering nor scatter-
ing against the simulation. This independence applies to the data in this thesis
and not to scattering as a general technique, since the force-field parameters
for lipids were also tuned using form factors of pure lipid bilayers measured
with X-rays and neutrons [31, 34].

The main advantage of the simulation is that it provides structural param-
eters that SAXS data alone cannot separate. Quantities such as the distance
between phosphate and choline groups, the overlap of terminal methyls at the
bilayer midplane, and the individual group volumes are directly determined in
a simulation trajectory, as they are calculated from atomic positions without
relying on an analytical model.

In contrast, the distance between phosphate and choline is poorly deter-
mined by the SAXS curves. Without a constraint on the envelope of the two
groups, part of the solutions place the outer edge of the choline well inside
that of the phosphate, which is physically implausible, and with the constraint
the independent runs still divide into two groups that differ in the extent of the
choline. This is the behavior of a parameter that the data do not determine,
described in general in Sec. 1.4 and in detail in Chapter 3.

The value of this comparison, however, is limited by what the simulation
cannot provide. First, the accuracy of the results depends heavily on the force-
field parametrization, which cannot be assessed internally by the simulation

itself. Second, the time averages are meaningful only if the trajectory is long
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enough for the system to sample all relevant configurations, a condition that
must be carefully verified. Furthermore, accessible timescales do not cover
the flip-flop of phospholipids between leaflets; therefore, in a simulated asym-
metric membrane, the distribution of lipids between the two sides reflects the
initial setup rather than an equilibrium state [35, 36]. Finally, not all experi-
mentally measured samples have a simulated counterpart; Sec. 2.13 lists the
systems that were actually simulated.

The same distributions also allow for a further use of the simulation: as a
source for a dataset in which the true underlying structure is exactly known.
From the distributions extracted along a trajectory, a synthetic scattering curve
is calculated and then analyzed with the same model applied to the experimen-
tal data. This curve contains only the signal of a single bilayer, free from any
of the experimental contributions that make a measured intensity and a calcu-
lated one directly incommensurable. Thus, here too, the comparison is made
between structural parameters rather than scattering curves.

By comparing the recovered parameters with those of the representation
of the simulated distributions (Sec. 2.15.3), this approach measures how accu-
rately the fit can reconstruct the parameters when the true answer is known.
This allows us to separate the non-identifiability inherent to the model from
the error of its functional form. The setup of this test is described in Sec. 2.14,

while its results are presented in Chapter 3.
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1.6 Aims of the thesis

The subject of this thesis is the ASDP model (Sec. 1.3). The work asks what
the structure of the measured membranes is and, at the same time, how much
of the structure the model returns is established by the measurement.

The model, developed alongside this work, is proposed here as a new de-
scription of asymmetric membranes by erf slabs for the analysis of SAXS data,
together with its first application to experimental data. The present work also
contributes the simultaneous fit of the seven SAXS curves, the molecular dy-
namics simulations that provide the external criterion, and the MDtoSDP pro-
gram (Sec. 2.15). From a trajectory, MDtoSDP computes the group volumes
and the volume-fraction distributions of the chemical groups, represents the
distributions with the erf slabs of the model, and generates the SAXS curves
that follow from them.

The data on which the assessment rests are seven SAXS curves from vesi-
cle suspensions, measured in a single session (Sec. 2.3). The compositions
can be ordered by increasing complexity. A suspension of a single phos-
phatidylcholine provides the reference, since its bilayer is symmetric. Adding
a sphingomyelin introduces a second species, with a sphingosine backbone
and predominantly saturated chains. Cholesterol enters with the three equimo-
lar ternary mixtures, which differ in the source of the sphingomyelin, so that
the chain composition of that species varies. Two further preparations, one of
them with cholesterol, are made asymmetric by exchanging the lipids of the
outer leaflet, and they are the only samples in which the transverse asymme-
try that the model is designed to describe is expected. The first five samples,

and the inner lamellae of the last two, are described by the symmetric form of
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the model, built from the same erf slabs; the asymmetric form enters with the
outermost bilayer of the two asymmetric samples (Sec. 2.6).

The assessment is organized around three questions.

1. Which of the structural quantities returned by the model are determined
by the SAXS curves, and which are fixed by the physical knowledge in-
troduced alongside them? Physical constraints on the parameters make
that boundary visible, since a constraint that excludes configurations
without worsening the agreement with the data is acting where the data

do not reach (Chapter 3).

2. Do the erf slabs with which the model describes the chemical groups
reproduce the distributions of the same groups in a simulated mem-
brane, where those distributions are known? Molecular dynamics pro-
vides them without imposing any functional form (Sec. 1.5), and each
is represented with the erf slab of the model. The residual of the repre-
sentation measures how much of the distribution the erf slab cannot re-
produce, and the amplitudes computed from the distribution and from its
representation show how large an imprint that part leaves on the SAXS
curve (Sec. 2.15.3, Chapter 3). The same representation is the reference
of a closure test, in which the SAXS curve computed from the simu-
lated distributions is fitted with the model used for the experimental data

(Sec. 2.14).

3. Does the structure obtained from the experimental curves agree with a
description of membranes of the same nominal composition obtained

without using them? Molecular dynamics provides that description, and
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the comparison is made on the output parameters of the model (Secs. 2.13

and 2.15.3, Chapter 3).
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Chapter 2

Materials and methods

2.1 Materials and samples

2.1.1 Lipids and buffer

The phospholipids were obtained from Avanti Polar Lipids (Alabaster, AL,
USA) and comprise 1-palmitoyl-2-oleoyl-sn-glycero-3-phosphocholine (POPC)
and three sphingomyelins of natural origin, extracted from chicken egg yolk
(EggSM), from bovine milk (MilkSM) and from porcine brain (BrainSM), all
with a stated purity above 99 %. The third component of the mixtures is choles-
terol (Chol). Each preparation contains 1 mol% of rhodamine-labeled phos-
phatidylethanolamine (Rh-PE) as a fluorescent probe; the compositions refer
to the structural lipids only. The buffer, common to the hydration of the films,
to the exchange and to the measurements, is 25 mM HEPES with 150 mM KCl
at pH 7.4 (HK buffer). Lipid exchange is mediated by methyl-f-cyclodextrin
(mBCD).
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2.1.2 Natural sphingomyelins

Each sphingomyelin is a mixture of species with the same headgroup and the
same sphingosine backbone and with acyl chains of different length and un-
saturation (Table 2.1). Egg sphingomyelin is 86 % palmitoyl (16:0); brain
sphingomyelin is half stearoyl (18:0), with a substantial fraction of nervonoyl
(24:1); milk sphingomyelin consists of long-chain saturated species, mostly

tricosanoyl (23:0).

Acyl chain EggSM  MilkSM  BrainSM

16:0 86 16 2
18:0 6 - 50
20:0 - - 5
22:0 3 20 7
23:0 - 34 -
24:0 - 21 5
24:1 3 3 21
other 2 6 10

Table 2.1: Percentage distribution of the acyl chains in the three natural sph-
ingomyelins, from the supplier’s technical data sheets (Avanti Polar Lipids,
products 860061, 860063 and 860062).

In the analysis of the SAXS curves each sphingomyelin is approximated by
its most abundant species (palmitoyl, stearoyl, tricosanoyl), which determines
the number of methylenes with which it enters the model (Sec. 2.6). In the
simulations egg sphingomyelin is represented as a mixture of its four most

abundant species (Sec. 2.13).

2.1.3 Samples

The seven measured samples are listed in Table 2.2. Sample 1 is the single-
component reference; sample 2 adds egg sphingomyelin in a 2:1 ratio; samples

3,4 and 5 are equimolar ternary mixtures with cholesterol, which at 37 °C lie in
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the coexistence region of the liquid-ordered and liquid-disordered phases [5],
and differ in the source of the sphingomyelin [17]. Samples 6 and 7 are the
asymmetric preparations, obtained by lipid exchange between an acceptor and
a donor population (Sec. 2.2); sample 6 without cholesterol, sample 7 with
cholesterol in the acceptor. The measured suspensions have a lipid concentra-

tion of 2 mg/mL.

Sample Nominal composition Preparation Profiles

1 POPC extrusion 1

2 POPC/EggSM 2:1 extrusion 2

3 POPC/MilkSM/Chol 1:1:1 extrusion 3

4 POPC/BrainSM/Chol 1:1:1 extrusion 4

5 POPC/EggSM/Chol 1:1:1 extrusion 5

6  POPC || POPC/EggSM 0.80:0.20 exchange, acceptor 1 6,

7 POPC/Chol 0.66:0.34 || POPC/EggSM/Chol 0.63:0.20:0.17 exchange, acceptor POPC/Chol 7, 7,

Table 2.2: Nominal composition of the seven samples. For samples 6 and 7
the symbol || separates the inner leaflet from the outer one; the per-leaflet com-
positions are those expected from the exchange (Sec. 2.2), with POPC/EggSM
0.60:0.40 as donor and, as acceptor, sample 1 and POPC/Chol 0.66:0.34 re-
spectively. The last column lists the labels of the independent transverse pro-
files that each sample contributes to the fit (Sec. 2.5); the subscript 2 denotes
the outer leaflet.

2.2 Vesicle preparation

2.2.1 Symmetric vesicles

The lipids, taken from stock solutions in chloroform in the desired molar ratios,
were dried to a film by solvent evaporation and desiccation under vacuum; the
film was hydrated with HK buffer at a temperature above the sphingomyelin
transition, with agitation. The vesicle suspensions were obtained by extrusion

through polycarbonate membranes with 400 nm pores [37, 38].
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Samples 1 to 5 were measured in this form; the extruded suspensions of
POPC and of POPC/Chol 0.66:0.34 constituted the acceptor populations of
samples 6 and 7. Preliminary dynamic light scattering (DLS) measurements on
the vesicle suspensions indicated a dominant population with a hydrodynamic

diameter close to 200 nm and a relatively narrow size distribution.

2.2.2 Cyclodextrin-mediated exchange

Methyl-B-cyclodextrin, at a concentration below that which dissolves the vesi-
cles, forms reversible complexes with the lipids and carries them between
membranes, acting only on the surfaces exposed to the solution [16, 39]. When
acceptor vesicles are incubated with a donor population of different composi-
tion, the outer leaflet of the acceptors exchanges lipids with the accessible
leaflets of the donors, while the inner leaflet remains unchanged on the time
scale of the preparation [2].

The preparations follow the heavy-donor protocol of Doktorova and co-
workers [16], carried out on the ESRF site immediately before the measure-
ments. The film of the donor vesicles, POPC/EggSM 0.60:0.40, was hydrated
in HK buffer with 20 % (w/v) sucrose to 4 mM, with agitation at 55 °C; the
suspension of multilamellar vesicles was diluted with buffer and centrifuged
at 20000 x g for 30 min, and the pellet was resuspended in 32 mM methyl-
B-cyclodextrin in HK buffer, lipid/cyclodextrin molar ratio 1:8, and incubated
for 2 h at 50 °C with agitation (600 rpm). The acceptor vesicles were added
at a donor/acceptor molar ratio of 2:1 and incubated for 15 min at 50 °C. The
exchange was stopped by an eightfold dilution with buffer; the donors were

removed by centrifugation at 20000 x g for 30 min at room temperature, and
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the supernatant was concentrated in ultrafiltration units with a 100 kDa cutoff
at 5000 x g and washed twice with 2 mL of buffer, to remove the cyclodextrin

and its complexes.

2.2.3 Expected leaflet compositions

If the exchange brings the lipids of the outer leaflet of the acceptors to equi-
librium with the accessible lipids of the donors, present in equal amounts,
without selectivity of the cyclodextrin and without redistribution between the
leaflets, the outer leaflet takes on the average composition of the two popula-
tions and the inner leaflet retains that of the acceptor. For sample 6 the outer
leaflet is then POPC/EggSM 0.80:0.20 and the inner leaflet POPC; for sample
7 the outer leaflet is POPC/EggSM/Chol 0.63:0.20:0.17 and the inner leaflet
POPC/Chol 0.66:0.34. These are expected, not measured, compositions, and
the analysis adopts them as such (Chapter 4).

The SAXS curves of all seven preparations show the lamellar correlation
peaks of a multilamellar component. This component was therefore already
present in the acceptor suspensions before the exchange, which typically hap-
pens upon extrusion of neutral lipids [16]. Since cyclodextrin can only reach
the surfaces directly exposed to the solution, it is assumed that, in multilamellar
vesicles, the exchange modifies only the outer leaflet of the outermost bilayer,
while the inner lamellae remain symmetric (Figure 2.1). The model used to
analyze samples 6 and 7 is built on this hypothesis, featuring an inner sym-
metric stack and an outer asymmetric bilayer (Sec. 2.6). The assignment of
the two compositions to the inner and outer leaflets is based on the preparation

protocol rather than the scattering curves, since a flat bilayer profile cannot be
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distinguished from its mirror image in SAXS experiments (Sec. 2.6).

(a) unilamellar acceptor (b) multilamellar acceptor

Figure 2.1: Cyclodextrin-mediated exchange on a unilamellar acceptor (a) and
on a multilamellar one (b), where only the outer leaflet of the outermost lamella
1s modified.

The asymmetry obtained by exchange is a non-equilibrium state, which
relaxes through spontaneous flip-flop of the phospholipids between the leaflets
on time scales from hours to days [2, 16]; preparing immediately before the
measurement keeps the delay within the window over which the asymmetry
must persist. Cholesterol crosses from one leaflet to the other on much shorter
time scales [2, 40], and its distribution between the leaflets, in the samples
whose composition includes it, is the one that the system adopts spontaneously

during and after the preparation.

2.3 SAXS measurements

The measurements were carried out at beamline ID02 of the European Syn-
chrotron Radiation Facility (ESRF) in Grenoble, in April 2026, as part of ex-
periment LS-3662. The beamline [18] operates at a wavelength of 1 A with a
variable sample-to-detector distance, and records the scattering on an Eiger2
4M detector. The sample is held in a thermostated flow-through cell with a

quartz capillary of 2 mm path length (Figure 2.2), in which samples and buffer
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are measured in the same capillary. All measurements were performed at 37 °C

(310 K).

Figure 2.2: The sample environment at ID02, with the thermostated flow-
through cell and the quartz capillary in which samples and buffer are measured
in sequence.

Each sample was measured at two sample-to-detector distances. The 1.5 m
configuration covers the g-range from about 4 - 1073 to 0.5 A~!, where the
form factor of the bilayer carries the information on the transverse profile. The
7 m configuration covers the g-range from about 8- 10™% to 0.11 AT giving
access to the larger length scales of the whole vesicles and to the first orders of
the lamellar correlation peak. In both configurations, the azimuthal integration
of the 2D detector image yields a 1D scattering curve of approximately 1590
points.

The measurements were carried out first at 1.5 m and then at 7 m. In each
configuration the empty capillary and water were measured at the beginning,
as instrument diagnostics, followed by the HK buffer, used for solvent sub-

traction. The samples were loaded manually into the cell, which was rinsed
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with buffer between consecutive samples. Each measurement consists of mul-
tiple 300 ms exposures, compared with one another before averaging, to ex-
clude those with alterations attributable to radiation damage. During the same
beamtime, measurements of the vesicles after manual mixing with the actino-
porin Fav were also acquired, together with time-resolved measurements after
rapid mixing in a stopped-flow device. Fav is a protein from Orbicella fave-
olata [41]. This work analyzes only the static measurements on the seven

samples listed in Table 2.2.

2.4 Data reduction

2.4.1 Integration and absolute scale

The images of each exposure were processed by the automatic pipeline of the
beamline [18]. A mask excludes the shadow of the beamstop, the edges of the
detector modules and defective pixels; the image is corrected and normalized
for flux, transmission and solid angle according to the beamline calibrations
and integrated over the azimuthal angle into a curve I(g); division by the sam-
ple path length in the capillary, 0.2 cm, gives the differential scattering cross
section per unit volume, in cm~!. The absolute scale allows the curves of the
two distances to be merged without a scale factor; in the fit the scale of each
curve is determined by GENFIT (Sec. 2.6). Consecutive exposures were aver-
aged and the average curve rebinned; each configuration thus yields one curve

per sample and one for the buffer.
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2.4.2 Solvent subtraction and merging of the two configura-

tions

The buffer curve was subtracted from the sample curve at each distance. To
estimate the length scale of the unilamellar component, the hydrodynamic di-
ameter of about 200 nm indicated by the preliminary DLS (Sec. 2.2) is used,
with the vesicle idealized as a thin spherical shell of non-zero net contrast. The
radius of gyration is then of the order of the vesicle radius, R, ~ 100 nm. The
geometric scale of the Guinier regime, gR, < 1, is therefore ¢ < 1073 A=, the
7 m configuration, which reaches about 8 - 10~ AT, approaches this region,
whereas the 1.5 m configuration does not cover it. The long-distance measure-
ment also served to search for the contribution of the vesicle as a whole [42].

In the subtracted curves, however, no Guinier plateau attributable with con-
fidence to the vesicles was identified, since at 7 m only the upper edge of the
theoretical region is accessible.

At the lowest g some curves show negative intensities after subtraction, oth-
ers a positive excess. Residual buffer scattering and contributions from larger
structures can therefore hinder the attribution of the unilamellar signal. The
structural analysis is restricted to g > 0.005 A1 because of the poor relia-
bility of the lower region. The empirical power-law term of the fit (Sec. 2.6)
describes the low-g excess within the analyzed range, without identifying its
origin or demonstrating a Porod-like regime.

For samples 2, 3, 5 and 7 the subtracted curves at the two distances were
merged without a scale factor, because they were already on an absolute scale
and coincident in the overlap region, where the junction point was chosen.

For samples 1, 4 and 6 the 7 m configuration added no information above the
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lower limit of the analysis, and only the 1.5 m curves were used. Subtraction
and merging were performed with RAW [43], the final rebinning with SAX-
Sutilities2 [44]; the processing chain is recorded in the header of each file. The
result is seven curves /(g) on an absolute scale (Table 2.3), each with a column
of uncertainties propagated from the counting statistics; their use in the fit is

described in Sec. 2.7.

Sample Composition Points  gmin (A‘l) Gmax (A‘l) Distances
1 POPC 484 4.27-1073 0.494 1.5m
2 POPC/EggSM 646 8.49-10~* 0.439 merged
3 POPC/MilkSM/Chol 613 8.49.10* 0.475 merged
4 POPC/BrainSM/Chol 477 4.27-1073 0.467 1.5m
5 POPC/EggSM/Chol 632 8.49.-107* 0.455 merged
6 asymmetric 511 3.84-1073 0.467 1.5m

7 asymmetric with Chol 708 8.49-10~* 0.468 merged

Table 2.3: Number of points and g range of the seven reduced curves, with the
distance configurations that contribute to each.

2.5 Simultaneous fit

The seven curves of Table 2.3 were analyzed with a single parameter vector
(Sec. 2.6), minimized over all of them simultaneously, with some parameters

shared among systems and others specific to each system.

2.5.1 Independent profiles

In systems 1-5 the two leaflets have the same composition and the model de-
scribes only one of them, mirrored about the bilayer midplane; each system
contributes one transverse profile. In systems 6 and 7 each leaflet is described

by its own set of positions and widths, with the composition fixed at the nom-
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inal value. Case 7 contributes two profiles, one per leaflet; case 6 contributes
only one, because its inner leaflet is pure POPC and its parameters are identi-
fied with those of case 1, under the assumption that the acceptor leaflet remains
unperturbed by the exchange. There are therefore eight independent profiles
against seven curves, with the labels 1, 2, 3,4, 5, 65, 7, 7, of Table 2.2, and the

statistics built on the repeated runs (Sec. 2.9) count eight profiles per run.

2.5.2 Shared parameters

As a working hypothesis and to minimize the number of free parameters, the
volumes of the chemical groups are shared among the seven systems. This is
justified because the sensitivity of the SAXS data to small volume variations (a
few percent) across different compositions is comparable to the magnitude of
the variation itself. Allowing the group volumes to vary freely for each system
would introduce strongly correlated parameters that the data cannot uniquely
determine. In contrast, the parameters describing the structural organization
of the membrane (area per lipid, hydrophobic thickness, and the positions and
widths of the chemical groups) remain specific to each system, as they depend
directly on composition and physical phase. Under this scheme, curves 6 and
7 provide the primary access to transverse asymmetry, while the symmetric

systems help constrain the shared molecular quantities.

2.5.3 g range and resolution

The scattering vector range used in the fit is 0.005 < ¢ < 0.5 A‘l, where the

lower limit is determined by the data reduction process (Sec. 2.4). The upper
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limit sets the nominal spatial resolution, defined as:

27

dmax

0~

~ 13 A, 2.1)

which represents the length scale below which two unmodeled details of the
profile cannot be resolved. However, the position of a distribution with a
known functional shape can be determined on a finer scale, especially when
the signal-to-noise ratio is high and parameter correlations are weak; for the
widths of the chemical groups this is examined in Sec. 3.3. The extra decimal
digits returned by the optimization beyond this nominal limit depend on the ap-
plied restraints and parameter correlations. For this reason, comparisons with
the simulations are made on spatial features defined to within a few angstroms,

such as group positions, widths, and bilayer thicknesses.

2.6 The ASDP model

2.6.1 Molecular unit and groups

A flat bilayer dispersed in water is considered, with z the axis normal to the
membrane plane and the origin at the midplane. The two monolayers occupy
the regions z < 0 and z > 0 and are indexed by o = 1,2. The membrane
is composed of Ng molecular species. For species j, x; o is the fraction of
its molecules residing in monolayer o (), xj o = 1) and C; its overall molar

concentration; the stoichiometric coefficient of the species in the molecular
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unit of the monolayer is
XiaCj
Lo = =21, Y.la=1 (2.2)
J

The molecular unit is the average composition of a monolayer normalized to
one molecule; associated with it are the area A, the thickness D, and the
volume Vo = AgDg.

Each molecular unit is partitioned into united groups, following the scatter-
ing density profile approach [34]. Each group g is defined by its volume vy ¢
and its scattering length b, o (which, for X-rays, is proportional to the number
of electrons). These properties yield the SLD pg ¢ = by o/ Vg,a, proportional to
the electron density in the X-ray case. The number of groups g in the molec-
ular unit is determined by stoichiometry: ng o =Y ; Cj.amg j, Where mg ; is
the number of groups g in molecule j. The groups are ordered sequentially
from the hydrophobic core toward the solvent: the first V, groups describe the
hydrocarbon chains, the next N, describe the polar headgroup region, and the
final group (g = N, + N, + 1 = N) represents the hydration water, whose SLD
PN« 1s allowed to differ from that of bulk water. The first group (g = 1, the
methylene) occupies most of the hydrophobic region and its distribution is not
modeled explicitly. Finally, the total volume of the hydrated unit is the sum of
the volumes of the three regions: Vo =V}, o +Vp.o +Vipa = Zg Ng o Ve.a-

The adopted partition is shown in Figure 2.3. Cholesterol constitutes a
single group, and the position of the hydroxyl, the only quantity for which
measurements exist, therefore cannot be constrained. The two carbons of the
trans double bond of sphingomyelin are merged into the sphingosine backbone,

whereas in POPC the two unsaturated carbons remain a separate group; the
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backbone so defined does not coincide with any group for which the literature

reports volumes or positions.

ch2
N e » ch3
ch
cg
coconc

p
choline

N

‘ +Z(A)
0 HYDROPHOBIC REGION HYDROPHILIC REGION

Figure 2.3: The united groups marked on the chemical structures of sphin-
gomyelin, POPC and cholesterol, ordered along the normal z from the hy-
drophobic region to the polar region and the solvent. The abbreviations of the
legend are the methylene (ch2), the terminal methyl (ch3), the unsaturated car-
bons (ch), the glycerol (cg), the sphingosine backbone (coconc), the phosphate
(p) and the choline.

2.6.2 Volume fractions

The central quantity of the method is the volume-fraction distribution @, ¢(z),
the fraction of the volume available at coordinate z that is occupied by group
g of monolayer . The distributions are subject to the space-filling constraint

over the whole bilayer,
2 N

Y Y 9alz) =1, (2.3)

a=1g=1
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and their integral is fixed by the group volume and the area:

~+o0

No 'V
Pra(2)ds = ~755

A, (2.4)

For the groups from g = 2 to g = N, + N, a combination of two error functions

is adopted,

I—Zo o Wsa
—erf £ £ : (2.5)
( V204 )]

where z¢ o is the position of the center, w, o the half-width of the slab and o ¢

the smoothing of its edges. The Fourier transform is analytic,

Foo ~ sin(gw :
E>(232¢,Wg, Og) €' dz = 2w, % e 0% 19, (2.6)
e .

and the three parameters separate into three factors, since the half-width gov-
erns the oscillations, the smoothing a Gaussian damping at high g and the
position only the phase. For g = 0O the integral equals 2w, and (2.4) fixes the
prefactor,

Ng.a Vg.a

(Pg,a(z) = mEz(ZQZg,ng,aaGg,a)- (2.7)

2.6.3 Hydrophobic envelope

The methylene and the hydration water are obtained by difference, and the
construction guarantees (2.3). The hydrophobic envelope is described by a

pair of error functions, with a thickness Dy, , and a smoothing o, o specific to
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each monolayer and a parameter Gy,;q that describes the interpenetration of the

chains at the midplane:

Ona(z) = (_zl)a [erf<\/§ffmid>
_erf<z_ (_l)athO‘>
\/iah,oc

The methylene is what remains of the envelope after subtracting the other ap-

(2.8)

olar groups, and the hydration water what remains of the monolayer after sub-

tracting the hydrophobic region and the polar groups:

Np
P1,a(z) = Pha(z) — Y, 0eal2), (2.9)
g=2
Np+N,
ON.a(z) = He(z) — 1im @0(2) = Y @gal(2), (2.10)
Grnid_>0 g:Nh+1

where Hy(z) equals one inside the monolayer and zero outside, and the to-
tal thickness is defined by the outermost group, Dy = max{|zg a| +Wga +
3 Ggﬂ}. The limit in (2.10) makes the interpenetration terms of the two mono-
layers, of opposite sign, cancel in the sum over the bilayer. Integrating (2.10)
gives the number of hydration water molecules per molecular unit, ny o =
(AaDo — Vi — Vp,a)/ VN, a5 the hydration follows from the geometry and the

volumes and is not a free parameter.

2.6.4 Amplitude

The amplitude is the Fourier transform of the excess SLD relative to the sol-

vent, whose SLD is pg. Substituting (2.9) and (2.10) into the sum over all
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groups yields four contributions:

2 : o
i(—1 .
F@) = Y 4 (oo po) =0 e oh/2 _ a2 V1]
o=1 q
. o
+ (PN,a — Po) A {e_qch?va/zei(_l)a‘/D’““ — ei(_wan“}
1 M SIN(qWe.a) _ 262 /2 i
+ — oL — Ny g Vo.of 8% =4O /2 %50
Ay é}z,z(l)g-a P1.a) g aVe,a W a
N,+N, .
1 ! sin(gw :
+ — Z (pg,oc — PN,oc) Ng.oVe.o M e,ngéa/z eld%s.a
Adg Nyt MWs.o

2.11)

B Hydrophobic envelope, with the contrast of the methylene relative to the solvent; the

two exponentials are the midplane and the interface with the polar region.

B Hydration water, from the interface between the hydrophobic and the polar region to the

edge of the monolayer, with the contrast relative to bulk water; it vanishes if py ¢ = po.

B Apolar groups (terminal methyls, unsaturated carbons, cholesterol), with the contrast

relative to the methylene they replace.

M Polar groups (glycerol or backbone, phosphate, choline), with the contrast relative to the

hydration water they displace.

The two contributions in 1 /g are transforms of smoothed steps and describe
edges; the two under summation derive from (2.6) and describe peaks, each
weighted by the group volume per unit area, ng ¢V o/Aq. A group whose
SLD equals that of the medium it replaces produces no contrast. The modulus

of (2.11) for the POPC sample is in Figure 2.4.
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Figure 2.4: The modulus of the amplitude (2.11) for the POPC sample, from
one run of the final set, in arbitrary units. The minima fall at about 0.29 and
0.46 A~! and separate the lobes that carry the information on the transverse
profile; their depth on the plot is set by the spacing of the grid in g. Both axes
are logarithmic.

2.6.5 Symmetric bilayer

The symmetric and the asymmetric bilayer are two distinct models in GEN-
FIT, built with the same combination of error functions (2.5) and (2.8). In
the symmetric one the two monolayers share composition, area, hydrophobic
thickness, volumes and shape parameters, with positions reflected about the
midplane, so that a single set of zg, w,, O, describes both leaflets and the bi-
layer amplitude is twice the real part of the amplitude of one monolayer. In
the asymmetric one two sets are needed, and the sum in (2.11) runs over both
leaflets. In what follows F(g) always denotes the amplitude of the whole bi-
layer.

When the positions are reflected the contributions of the two monolayers
are complex conjugates of each other and F(g) is real; in the asymmetric case
the cross term between the two leaflets in |F(g)|? is no longer fixed by one

leaflet alone and depends on the difference between their profiles. The anal-

51



ysis of systems 6 and 7 exploits this sensitivity of the intensity to the loss of
symmetry. The amplitude is however the transform of a real profile, so that
F(—q) = F*(q), and the reflection z — —z of the whole profile, which maps
F(q) to F(—q), leaves |F(g)|> unchanged. For a flat bilayer, in which noth-
ing distinguishes the two faces, an asymmetric profile and its mirror image
therefore produce the same curve. The data fix the difference between the two
leaflets, not which of the two is the outer one; the assignment of the composi-

tions to the leaflets comes from the preparation (Sec. 2.2).

2.6.6 Intensity and structure factor

The conversion from amplitude to intensity is the one implemented in GEN-
FIT [28]:

1(q) = K |F(q)|” == S(q), (2.12)

where 27 /(gdp) is the factor derived in (1.9) for randomly oriented flat par-
ticles, 1/ q2 being the Lorentz factor, and dg = dp | + dp > is the Luzzati thick-
ness of the bilayer [22], with dp o = Viry,q /A and Vyry ¢ the dry volume of
the molecular unit; in the symmetric case dp o = dp/2. The constant K is com-
puted for each curve from the nominal concentration, the molecular weight, the
square of the classical electron radius, the dry volume of the molecular unit and
the weight fyr, or 1 — fir, of the contribution it refers to, and it fixes the units
of the computed intensity. The effective scale of each curve is instead deter-
mined by the factor described below. At each evaluation of the model, GENFIT
multiplies the computed curve by a scale factor specific to that curve and adds

a flat background to it, both obtained in closed form by weighted least squares
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against the data and external to the parameter vector. The absolute scale of the

measurement therefore does not constrain the structural parameters, and the

concentration enters only through K, which is reabsorbed by the scale factor.
For stacked membranes S(g) is the structure factor of the modified Caillé

theory [29, 30], averaged over a distribution of the number of lamellae:

2
S(g) =1+ ZgNlam,n cos(ngd) e "M (n) ="M, Ny = <%> n, (2.13)

with yg the Euler-Mascheroni constant and gy, » the weights of the pairs
of lamellae separated by n repeat distances. The free parameters are three
per curve, the number of lamellae N, the repeat distance d and the rela-
tive fluctuation o;/d; the Caillé parameter is derived from the latter as n =
(04/d)?/0.087, the relation adopted in the implementation [28]. Compared
with a paracrystal, the Caillé theory produces peaks with power-law tails, and
the description of the tails determines how much intensity in the peak region
1s attributed to the correlation between lamellae and how much to the single

bilayer. Figure 2.5 shows the resulting shape for the POPC sample.

2.6.7 Signal composition

Each curve is described by the sum of two weighted contributions and an em-

pirical term:

dXx dXx dXx
—=@) = tm—5| (9 +(1—fw)-5 (@) + kg~ *. (214
dQ dQ multi dQ single

The first term is the multilamellar contribution, with (2.13) active; the sec-

ond an isolated bilayer, with S(g) = 1; both use the same constant K, so that
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Figure 2.5: The structure factor (2.13) of the multilamellar contribution for
the POPC sample, from one run of the final set, with the first two orders of the
lamellar reflection marked. For the contribution of the isolated bilayer S(q) = 1
over the whole range. The ¢ axis is logarithmic and the ordinate linear.

JfML partitions the intensity without introducing a second scale. The third term
describes the low-g excess produced by structures much larger than the mem-
brane thickness, with its own scale K, and serves to separate that background
from the bilayer signal; the per-curve flat background is added to the sum.

In systems 1-5 the two bilayer terms use the symmetric model. In sys-
tems 6 and 7 the first remains symmetric and represents the inner lamellae; the
second uses the asymmetric amplitude and represents the outermost lamella of
the same particle. The two contributions are summed in intensity and the in-
terference term between the outer lamella and the inner ones is neglected. For
systems 6 and 7, (2.14) is therefore an effective decomposition of the signal of

a multilamellar particle in which only the outer lamella is asymmetric.

2.6.8 Free parameters

The vector of minimized parameters has 215 components (Table 2.4). Each

parameter is assigned a range of variation fixed before the optimization and
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inherited from the preliminary analysis of the same data. For the 42 parameters
of the structure factor, of fy. and of the background the ranges are narrow, 2
to 10 % of their central value, and these parameters can vary only slightly. For
the structural quantities the ranges are operational limits (Sec. 2.8), and their

effect on the solutions is examined in Sec. 3.1.

Category Number
Positions, half-widths and smoothing parameters of the groups and the hy- 155
drophobic envelope

Area per molecular unit, one per transverse profile 8
Group volumes, shared among the systems 10
Weight of the multilamellar contribution (fyr), one per curve 7
Lamellar structure factor (d, Niam, 04/d) 21
Empirical background (x, o) 14
Total 215

Table 2.4: Breakdown of the free parameters of the simultaneous fit.

2.7 Data weighting

2.7.1 Error law and residual grid

The uncertainties propagated through the data reduction (Sec. 2.4) do not enter
the fit. GENFIT reconstructs them point by point from a reference relative-

error coefficient and from the measured intensity, according to the power law
o = kI P|LP,  B=03, (2.15)

where /7 > 0 is the intensity of the first point of the curve and k. is the relative
error assigned to that point [28]. The weighted residual is the relative deviation
multiplied by (7;/1;)'~B. With B = 1 all points count equally; with the expo-
nent of counting statistics, B = 1/2, the fit is dominated by the first points and
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poorly describes the region at intermediate and high g, where the form factor
carries the structural information. The value B = 0.8, common to the seven
experiments, gives all points comparable importance, with a slight preference
for those with higher intensity. The seven coefficients k, were chosen so as to
equalize the assumed relative error at a common reference ¢, ¢ ~ 0.05 A=,
rather than at the first point, because the curves start at different q.

Each curve is re-interpolated onto a logarithmic grid of 150 points, with
linearly interpolated weights; the residuals evaluated within the fit range num-
ber 872, distributed among the seven experiments as 145/111/113/145/109/
141/108. The grid makes the number of residuals per decade of ¢ uniform and
the same for all curves; the exponent sets how much weight each residual car-
ries. The grid points are interpolated values, not independent measurements;

the grid is a rule for weighting the regions of g.

2.7.2 Definition of xgata

The quantity minimized in the data term of the objective function is

7 Ng.e
Xioa = % Z Z (2.16)
where n, . 18 the number of grid points of experiment e within the fit range. The
inner average makes the contribution of an experiment independent of the num-
ber of its points, and the outer average gives the seven cases the same weight.
Since the uncertainties are those constructed from (2.15), the scale of xﬁata 18
conventional, and its value can be used for comparisons between models eval-

uated on the same data with the same weighting, not as an absolute measure of
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agreement nor as a basis for confidence intervals derived from the shape of the
objective function. The structural quantities are therefore accompanied by the
spread across independent runs (Sec. 2.12).

A common rescaling of the k, would not shift the minimum of xgata but
would change its ratio to the restraint terms (Sec. 2.8), whose weights are cal-
ibrated on the scale of the adopted k.. The entire analysis was carried out with

a single weighting, and the conclusions hold for that weighting (Chapter 4).

2.8 Constraints

The 215 parameters are not free to take any combination of values. The
data alone do not exclude combinations without chemical meaning, such as
a choline deeper than the phosphate to which it is bound or a molecular vol-
ume far from densitometry, and the exclusions are formulated as described
below. Some of the constraints transfer information from the literature, mea-
sured on systems analogous but not identical to those of this work; the rest are
operational regularizations, ranges and weights chosen to prevent unphysical

compensations. The origin of each is reported in Table 2.5.

2.8.1 Hard bounds and soft restraints

The range of variation of each parameter is a hard bound that the optimizer
cannot cross, and it delimits the domain that the optimizer explores. A soft
restraint is a term added to the objective function, zero in the allowed region
and increasing outside it; it can be violated if the data require it, at an explicit

cost. This is the form adopted for all chemical and geometric conditions, be-
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cause none is known with the certainty that a hard bound would imply. The
two tools are not used together on the same quantity. The area of the pure-
POPC system is handled with the range 62 < A <72 A2 alone, whereas 1n
the systems with cholesterol the lower bound is reduced to 45 A2, because the
condensation produced by the sterol must emerge from the data.

For a quantity x to be kept within [L, U] a flat-bottom window is used, for

an inequality x < 0 a one-sided threshold:

(
[(L—x)/so]z, x<L,
max (0, x)
W (x;L,U,s0) =1 0. L<x<U, Wilxso)= 5 :
|[(x=U)/s0]*, x>U,
(2.17)

with 5o a scale that converts the violation into a dimensionless number. In the
allowed region the penalty and its derivative vanish, so that a window does not
attract the parameter toward the center and a threshold does not push it toward
the limit, and a soft restraint is not an imposed measurement. The minimized
function is
2 I ¢
CI):Xdata—'—Z)’kPka Pk:n_kzck’j’ (2.18)
k =1
with ¢ ; the cost of the individual residual of family k and n; the number of

its residuals; the average prevents a condition imposed on eight profiles from

weighing four times as much as the same condition imposed on two.
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Restrained quantity Source Form Allowed region Scale

Dry molecular volumes (5) densitometry“ window see below 25-65 A3

Polar headgroup volumes (2)  partition from the literature” window 321-341; 264-284 Al 1543 10
Relations among the areas (9) expected condensation threshold (2.19) 2and3 A% 3-10
Order of the polar groups (22) chemical connectivity threshold (2.20) 0.5A

Glycerol anchoring (8) hydrophobic thickness® window 0.45-1.50 A 0.5A 1072
Backbone anchoring (6) analogy window —1.50-1.50 A 05A 3.1073
Choline extension (8) volume balance threshold (2.22) 1A 1072
Cholesterol edge (5) interfacial hydroxyl? window —2-2 A 1A 3-1073
Effective widths (5 families) literature profiles window 1.8-3.8 A 025A 3.1072
Phosphate—choline envelope (8) this work threshold (2.26) 1A 3.-1073

Dry molecular volumes: POPC 1239-1289; cholesterol 611-649; egg sphingomyelin 1096—1188;
brain 1152—1248; milk 1252-1384 A3. Effective widths: glycerol 2.0-3.2; sphingosine backbone
2.0-3.5; phosphate 1.8-3.2; unsaturated carbons 1.8-3.2; cholesterol 2.0-3.8 10\;

maximum spread across profiles 0.8 or 1.0 A depending on the group.

@ [45-47]; % [24, 48]; € [25]; 9 [49].

Table 2.5: The ten families of soft restraints, with the source of the information,
the form of the penalty (2.17), the allowed region, the scale sy and the weight A
in (2.18). In parentheses, the number of residuals of each family. The weights
are not comparable across rows with different scales.

2.8.2 Volumes and areas

The group volumes are shared among the systems (Sec. 2.5), and the dry
molecular volumes of the five species follow from them as stoichiometric
combinations; it is these, and not the individual v,, that are comparable with
densitometry. The ranges are centered on the literature values for lipids and
sterols in the fluid phase [45], for egg sphingomyelin [46] and for milk sph-
ingomyelin [47], and widened (from £19 to +66 A3) to cover the tempera-
ture, phase and composition of the mixtures, which no source reproduces ex-

actly. A further condition concerns the sums vlﬁgad = VoG + Vp + Veholine and

vé‘ﬁj[‘d = Vamide + VP + Vcholine, the only combinations comparable with the po-
lar headgroups of the literature, around 331 A3 for phosphocholine [24] and
274 A3 for sphingomyelin [48]; the windows are regularizations, since differ-

ent parametrizations of the same system give different values [47].

The area Ay is the projected area per average molecular unit, cholesterol
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included, and is not comparable with the single-species areas of the literature.
With the superscript labeling the transverse profile (Sec. 2.5), the conditions

imposed express a weak ordering:

AD <A 2 A% 1223457,
A 1 AT <A6) < 400 13 A% (2.19)

AG) 3 A% < AP) < A(@) £ 3 A%

No mixture with sphingomyelin or cholesterol has an area larger than that of
pure POPC, and the asymmetric outer leaflets lie between the compositions
from which they derive; their areas remain independent parameters, because

the condensation is not linear in the composition.

2.8.3 Polar region and cholesterol

The group positions are parametrized as fractions of the hydrophobic thick-
ness, zo = Dy, o fg; the geometric conditions are expressed in dngstroms and
recomputed at each evaluation from the current thickness. From the center to-

ward the solvent the phosphate follows the glycerol and precedes the choline,
zp—2cG = 0.5 Aa ZP — Zamide = 1.0 Aa Zeholine — 2p = 0.5 Aa (2.20)

a connectivity condition that receives the highest weight of all and imposes no
upper limits on the separations. The sphingosine backbone is not ordered with

respect to the glycerol. The sequence is anchored to the hydrophobic thickness
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by
0.45 < 706 — Djg < 1.50 A, —1.50 < Zamide — Do < 1.50 A, (2.21)

The glycerol window derives from the distance of 0.45-1.1 A between the
glycerol and the edge of the hydrocarbon region measured by Eicher and co-
workers [25]; in the model that edge is the hydrophobic thickness Dy, ¢, the
center of the error function that delimits the envelope. The backbone window,
for a group that corresponds to no measurement, is wider and symmetric, with
one third of the weight.

The center of the choline cannot lie beyond the Luzzati thickness of its own

monolayer,

Zcholine,a = dp,a, (2.22)

with dp o computed from the dry volume and the area of the single leaflet.
Since both sides contain the area in the denominator, the condition is equiv-
alent to Zenoline, o0/ Ph,a < Vidry, a0/ Vi, and does not constitute an independent
determination of Ay. For cholesterol, a single group, the nominal edge is re-
strained,

—2 < Zchol T Wchol —Dpa < 2 A, (2.23)

consistent with the hydroxyl located near the interface between water and
lipid [49]; the margin is a model margin imposed by lumping the molecule

into a single group.
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2.8.4 Effective widths

The results are reported not as the parameters w, and o, of (2.5) but as the

effective width of the envelope of a group,

Ocff = 4/ G;—l—w(%/?), (2.24)

which is the standard deviation of the distribution (2.5), the convolution of
a uniform distribution of half-width w,, with variance w§ /3, with a Gaus-
sian of variance Gé?; the two variances add. Equation (2.24) makes the pro-
files comparable with the Gaussian distributions with which the literature de-
scribes the same groups [34], since a Gaussian of standard deviation O has
the same second moment, and it allows the width of a group to be restrained
with a literature value without imposing w, and o, separately. The widths
are restrained through (2.24), with an absolute window for each group and a
limit on the spread AGgfr,, = max; Ogfr o ; — MiN; Oy, ¢ ; across the eight profiles,
which allows for differences in composition but excludes incompatible widths
of the same group in different samples. The windows cover glycerol, sphin-
gosine backbone, phosphate, unsaturated carbons and cholesterol; the terminal
methyls, sensitive to mismatch and interdigitation, the choline, sensitive to hy-

dration and orientation, and the interpenetration at the midplane are left out.

62



2.8.5 Phosphate—choline envelope

The relative position of phosphate and choline is measured between the outer

edges of the two distributions,

ABE = (Zeholine + Oeff choline) — (2P + Oettp) (2.25)

positive when the choline protrudes toward the solvent beyond the phosphate
and negative when the two envelopes are inverted; the choice of the edges
rather than the centers makes the quantity sensitive to the widths and not only
to the positions. The last restraint is the only one introduced in this work and
concerns this quantity. The preceding conditions order the centers of phosphate
and choline, but do not prevent the choline envelope, if wide, from remaining
entirely contained within that of the phosphate. On each of the eight profiles
the condition

A > —0.3A, (2.26)

1s imposed in threshold form with scale 1 A; the margin allows the slight over-
lap that the uncertainty on the widths cannot rule out. The restraint was formu-
lated after inspection of the solutions obtained without it (Sec. 2.10). For each
of the eight profiles the effective widths of phosphate and choline, the posi-
tions of their outer edges z, + Oeff ; and AP are computed; these forty derived

observables are the basis of the structural results.
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2.9 Optimization

2.9.1 Objective function and minimizer

The function minimized is (2.18). ® combines two heterogeneous quantities
with weights chosen in this work, and two models that differ in the imposed
constraints do not have the same objective function; the comparison between
models is carried out on the two terms separately, with xgata as the cost on the
data and the chemical plausibility of the solution, assessed on the structural
quantities, as the benefit.

GENFIT [28] provides a random search within the parameter ranges, sim-
ulated annealing (SIMANN), the simplex method (SIMPLEX) and a quasi-
Newton method (ZXMIN). In the production fits only SIMANN is active.
Gradient-based methods were not employed because the penalties (2.17) have
a discontinuous second derivative at the edges of the allowed region, where the
solutions cluster; local refinement with SIMPLEX after SIMANN was tried
and not adopted, because the improvement in @ turned out to be orders of

magnitude smaller than the spread across independent runs.

2.9.2 Annealing schedule

In the adopted implementation SIMANN proposes a move for each parameter,
one at a time, within a step length adjusted so as to bring the acceptance rate
toward 0.5, and accepts an increase AP of the objective function with probabil-
—AD/T;

ity e . A cycle is a complete sweep over the parameters; the temperature
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levels are the terms of a geometric progression

T\ i |
T]' = Tl T ) ]:17"'7NT7 (227)
i

traversed once, without reinitialization between levels. The cost of one min-
imization is 14 215N, N7 evaluations of the objective function, with 215 pa-
rameters, N, cycles per level and Nt levels; SIMANN has no stopping criterion
and uses up the budget fixed at the outset.

Five N, x Nt schedules were compared on ten independent runs each, on
the model with the full set of constraints. For a fixed budget, adding tempera-
ture levels is more effective than adding cycles per level; between the cheapest
and the most expensive schedule the median of x&ata remains unchanged to
within 0.2 % while the restraint term decreases by 93 %, and the xgata distri-
butions of the five schedules overlap largely. The 20 x 100 schedule (430001
evaluations, about 800 s per run) was adopted because it is the only one that
regularly reaches the region where the objective function is lowest.

The temperatures 7; = 1073 and Ty = 10~3 are very low compared with the
usual heuristic, because the fit starts near a reasonable solution, in a flat valley
where the differences between neighboring configurations are small; an initial
temperature of the order of the value of the objective function would make
almost every proposal acceptable in the first levels and would carry the config-
uration into a different region of parameter space. Exploration is entrusted to
the repetition of independent runs rather than to the temperature. The depen-
dence on the starting point was checked with three sets of initial values, with

distances between solutions not exceeding those between runs from the same
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starting point, and the analysis retains a single starting point.

2.9.3 Repeated runs

Since SIMANN is not deterministic, each model configuration is minimized
several times with different random-number sequences, ten per schedule in the
comparison above and thirty for the final set on which the results are built.
GENFIT derives the seed from the system clock at startup and writes it to the
log; the seeds of the reported runs were extracted from the logs, verified to
be distinct, and stored together with the configuration, ranges, weights and
reduced curves. The set of runs is reproducible in distribution; a single run

cannot be repeated with the program in the form employed.

2.10 Design of the analysis

A model with 215 parameters, ten families of constraints and a non-deterministic
optimizer admits many variants in the windows, in the weights and in the
ranges of variation, and the objective function is neither calibrated on the data
nor comparable across models with different constraints. The analysis was
therefore organized in successive stages (Table 2.6). In the two perturbation
stages each variant differs from the reference by a single modification, so that
its effect can be attributed to that modification. The optimization protocol was
fixed first and not modified thereafter. The acceptance criterion was written
before the fits of the first perturbation stage and revised once after them. The
revision introduced the bands on the volume left to the water and admitted a

data cost against a large chemical benefit.
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Stage

Content

Runs

Reference

Single
perturbations

Second-stage
variants

Combination

Phosphate—
choline envelope
restraint

Final set
Identifiability

starting configuration, with the nine families of constraints
taken from the literature or from the model

nine configurations, each modifying one quantity of the ref-
erence. The ranges of the structure-factor parameters of all
curves, from 2 to 5 % of their central value, and that of fy,
the weight of the multilamellar against the unilamellar con-
tribution, for curves 6 and 7, from 10 to 20 %; the weight
of the headgroup-volume restraint and that of the choline-
extension restraint, each lowered to 103 and raised to 102
from 3 - 1073; the upper bounds on the half-width (4.3 to
5.0 A) and smoothing (2.3 to 3.0 A) of cholesterol and the
lower bound on its position (0.65 to 0.60 D), one at a time;
the margins of the relations among the areas that involve the
asymmetric leaflets, from 3 to 1 A?

seventeen configurations, again each modifying one quan-
tity of the reference. The two sides of the area margin sepa-
rately, at 0, 1 and 2 Az; the weights of the order restraint (1
to 0.3) and of the effective-width restraint (3- 1072 to 102
and 10~ 1); the upper bounds on the half-width (4.2 to 4.8 A)
and smoothing (3.4 t0 4.0 A) of the terminal methyls and the
lower bound on the backbone position in profiles 6, and 7;
(0.95 to 0.90 Dp); the ranges of the structure-factor param-
eters and of fy of curves 6 and 7, one family at a time;
the range of the power-law amplitude x of curve 7. In addi-
tion, the headgroup-volume and choline-extension weights
raised together

four configurations, joining the two retained restraint sets
(choline extension strengthened, alone or with the head-
group volumes) with either side of the area margin
introduction of the restraint (2.26), suggested by the solu-
tions of the previous stages, in the two combinations re-
tained. The one with both restraint sets is the final configu-
ration; the other, the conservative combination, serves as a
check

independent runs of the final configuration

local analysis of the final configuration (Sec. 2.11)

20

9x%x10

5-10 each

4x10

30

Table 2.6: Sequence of the stages of the analysis. The reference measures the
spread against which each modification is compared; each perturbation tests
whether a quantity of the model is determined by the data or by a window, a
weight or a range.

The stages up to the combination constitute the exploratory phase. The

restraint on the phosphate and choline envelope was not planned at the outset.

It arises from the observation that in part of the solutions, from the reference
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onward, the choline envelope does not protrude beyond that of the phosphate.
Since it was chosen after the solutions had been inspected, the results obtained
with it are always reported alongside those of the configuration without it. The
two subsequent stages leave the configuration unchanged.

The acceptance criterion is not a single score, which would conceal the
trade-off between agreement with the data and chemical plausibility. For each
variant the data cost, the chemical benefit, the robustness and the dependence
on the constraints are kept separately. The data cost is Xc%ata’ overall and per
experiment. The chemical benefit consists of the structural quantities that the
modification is intended to improve, evaluated on the derived observables of
Sec. 2.8.5. The robustness is the spread of the quantity under examination
across the runs of the variant, compared with that of the reference. The de-
pendence on the constraints comprises the value of each family of penalties,
the frequency of parameters at a bound and the volume left to the hydration
water. The latter is the minimum along z of 1 — Y.,y @ «(z), which becomes
negative where the groups fill more than the available volume. The bands refer
to the median over the runs of a variant. A median overfilling up to 1 % 1is
read against the reference, and between 1 and 2 % it is a warning. Beyond
2 %, or within the warning band with a worsening reproducible across runs, it
excludes the variant. A modification is retained when its chemical benefit is
reproducible across runs and its data cost is either not reproducible or accepted
against the benefit, in which case both numbers are reported. A gain in xgata
obtained with a parameter at a widened bound is not counted as a benefit, since
the fit then has no optimum for that parameter within the explored range. The

robustness criterion is necessary but not sufficient, because the spread mea-
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sures the variability of the optimizer and not the support that the data give to
the difference. The reference quantity for the chemical benefit is the one spe-
out

cific to each family in the perturbation stages, and Ap from the stage in which

the envelope restraint was introduced onward.

2.11 Identifiability

A model with 215 parameters may contain combinations that leave the cal-
culated intensity unchanged, and the values returned for those combinations

come from the constraints and from the ranges rather than from the data.

2.11.1 Jacobian and singular values

The basic tool is the Jacobian J, the matrix of the first derivatives of the resid-
uals with respect to the parameters, with one row per point of the fit grid and
one column per parameter. The derivatives are computed by finite differences,
perturbing each parameter by a fixed fraction of its own range of variation,
which makes the columns comparable; for parameters at a bound the deriva-
tive is taken with a one-sided difference, and columns not stable against the
step are excluded. The Jacobian is built three times with the same columns,
from the data residuals alone, weighted as in Sec. 2.7, from the restraint terms
alone, and from the two stacked together; the conclusions on identifiability are
read from the data matrix; the other two measure the stiffness added by the
restraints.

A column of negligible norm belongs to a parameter that does not affect

the intensity; two nearly parallel columns belong to two parameters for which
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the data determine only one combination. A degeneracy may however involve
more than two parameters, and it is identified by the singular value decom-
position J = Udiag(sy,s7,...) VT, in which the columns of V are orthogonal
directions in parameter space and the singular value s; measures how much the
calculated curve changes along the k-th direction. The directions with singular
value close to zero are not determined by the data; they are combinations of
parameters, and the number of well-determined directions is not the number
of well-determined parameters. The numerical rank is the number of direc-
tions whose singular value exceeds a fixed fraction of the largest one, and it is

reported for several values of this cutoff.

2.11.2 Degenerate pairs

The degeneracy between half-width and smoothing involves two parameters
per group and is measured on the two corresponding columns. Differentiating
(2.24),
We
0,do, + 3 dw, = 0, (2.28)

gives the direction along which the effective width remains unchanged to first
order. The cosine between the two columns, which equals one when the two
parameters act indistinguishably, is computed together with the ratio of the
response of the model along the tangent direction to that along the orthogonal
direction and the component of the tangent direction in the subspace of the
directions discarded by the decomposition.

The derivatives describe the model in the neighborhood of the point at

which they are evaluated. They are complemented by a check on the indepen-
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dent runs. If the data determined the split of a degenerate pair, its two parame-
ters would be reproduced with the same stability as their combination. Within
a homogeneous group of solutions, the relative spreads of the two parameters
and of the effective width, and the correlation between the two parameters,
are therefore compared; a wide spread of the parameters, a narrow spread of
the combination and a strong negative correlation indicate compensation. For

degenerate pairs, only the effective width is reported.

2.12 Spread across runs

The structural quantities are accompanied by the spread of the values obtained
from independent runs of the optimization, which share configuration, data
and starting point and differ only in the random-number sequence (Sec. 2.9).
The spread measures the variability of the minimum reached at fixed data and
weighting; it is not a confidence interval, it does not incorporate the experi-
mental noise, which would require a calibrated error model, and it does not
measure the sensitivity to the weighting. Each value is reported with the num-
ber of runs on which it is computed and with the group of solutions to which it
belongs.

The runs may fall into distinct groups of solutions, and a statistic over the
whole set would mix different regimes of the optimizer. Within a group the
mean and the standard deviation are reported; in comparisons between sets of
runs the median is used. The groups are formed according to the minimum of
Af,‘ét over profiles 1 and 3, where the restraint (2.26) is at its threshold. The

values are sorted, the cut is placed at the midpoint of the largest gap between
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consecutive values, and the bipartition is accepted if each group contains at
least two runs, the gap at which the cut is placed exceeds 0.10 A, and the ratio
of the largest gap to the second largest exceeds three. With thirty runs the
procedure supports a bipartition but not a finer structure.

The curvature of the objective function at the minimum does not provide a
usable uncertainty. Along the degenerate directions of Sec. 2.11 the curvature
of the data term vanishes in the Gauss-Newton approximation and the normal
matrix of the Jacobian is singular; the pseudoinverse truncated at the same
cutoff used to define the numerical rank yields an uncertainty dominated by
the weakest retained direction, and hence by the truncation cutoff, which is a

numerical convention. The dependence on the cutoff is measured in Sec. 3.3.1.

2.13 Molecular dynamics

For the measured compositions, the simulations provide a description of the
membrane obtained without using the SAXS curves; they share with the ex-
periment the nominal composition of each leaflet and the temperature, and no
quantity obtained from the fit enters the construction of the boxes or the proto-
col. The distributions against which the fit is compared are obtained from the

trajectories by atom counting (Sec. 2.15).

2.13.1 Systems and box construction

The systems were prepared with the Membrane Builder module of CHARMM-
GUI (version 3.7) [50-52], which also generated the input files for GRO-

MACS [53]. The geometry is a planar bilayer in a periodic box, with the
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normal along z. The force field is CHARMM36 for the lipids, with the param-
eters for phospholipids [31], sphingomyelin [54] and cholesterol [55], in the
distribution that the interface designates as CHARMM36m [56], which dif-
fers only in the protein parameters; the water is TIP3P in the CHARMM ver-
sion [32, 57]. The water layer has an initial thickness of 28 A per side (22.5 A
for POPC) and contains 0.15 M KCI; the systems are electrically neutral even
without 1ons.

The compositions are listed in Table 2.7. The size of each box is a com-
promise between representativeness and cost, with the constraint that the ratios
among the species of each leaflet reproduce the nominal composition used in
the fit; with 147-315 molecules per leaflet the boxes have a lateral size of
10-14 nm, four to eight times the size of the 72-molecule bilayers on which
the lipid parameters were validated [31]. Egg sphingomyelin is represented as
a mixture of four species in the proportions of the commercial product renor-
malized to 100, with palmitoyl (16:0, 86.7 %), stearoyl (18:0, 6.7 %), behenoyl
(22:0, 3.3 %) and nervonoyl (24:1, 3.3 %) chains.

2.13.2 Equilibration and production

Each system was minimized (steep) and equilibrated with the standard six-
step sequence of CHARMM-GUI [51, 53], three NVT and three NPT steps
for 1.9 ns in total, with POSRES on the phosphorus atoms and on the hydroxyl
oxygen of cholesterol and DIHRES on the chain dihedrals, with force constants
reduced along the sequence from 1000 to 0 kJ mol~! nm~2 and from 1000 to
0 kJmol~! rad=2. Production, 300 ns per system, was run with GROMACS

2024.3 [58, 59] on the Anna Tramontano cluster of the Department of Life
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Composition POPC SM  Chol Total Water KCl Sample

symmetric bilayers (molecules per leaflet)

POPC 147 - — 147 13164 34 1;innerof 6
POPC/EggSM 2:1 172 78/4/2/2 - 258 26379 70 2
POPC/EggSM/Chol 1:1:1 86 77/5/212 86 258 22732 61 5
POPC/EggSM 0.80:0.20 120 26/2/1/1 — 150 15969 42 outer of 6
POPC/Chol 0.66:0.34 198 - 102 300 29391 80 inner of 7
POPC/EggSM/Chol 0.63:0.20:0.17 189 52/4/2/2 51 300 29793 80 outer of 7
asymmetric bilayers (molecules of the indicated leaflet)

POPC inner 287 - - 287

POPC/EggSM 0.80:0.20 outer 240 52/4/2/2 - 300 3214586 6
POPC/Chol 0.66:0.34 inner 208 - 107 315 29560 80 7

POPC/EggSM/Chol 0.63:0.20:0.17 outer 178 49/4/2/2 48 283

Table 2.7: Composition of the simulated systems. For the symmetric bi-
layers the counts are per leaflet; for the asymmetric ones each row is one
leaflet. The SM column lists the four sphingomyelin species in the order
16:0/18:0/22:0/24:1. Water and KCl1 are the water molecules and the ion pairs
of the whole box; the samples are those of Table 2.2.

and Environmental Sciences, Universita Politecnica delle Marche, with GPU
acceleration and the settings of Table 2.8. With the same reference pressure in
the plane and along the normal, the surface tension imposed by the barostat is
zero on average [60], and the lateral area relaxes to its equilibrium value. The
production window 1s determined a posteriori with the criteria of Sec. 2.13.5,

and the averages are taken over windows chosen within it (Sec. 3.4).

Parameter Value Reference
integrator, dt md, 2 fs

nsteps 1.5-108 (300 ns)

tcoupl, tau-t, ref-t V-rescale, 1 ps, 310K [61]
pcoupl, pcoupltype C-rescale, semiisotropic [62]
tau-p, ref-p 5 ps, 1 bar in the plane and along the normal
coulombtype, rcoulomb PME, 1.2 nm [63, 64]
vdw-modifier, rvdw-switch, rvdw Force-switch, 1.0 nm, 1.2 nm [65]
constraints, constraint-algorithm h-bonds, LINCS [66, 67]
water rigid, SETTLE [68]

Table 2.8: Production settings, common to all systems, with the parameter
names of the .mdp file.
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2.13.3 Asymmetric boxes

In a periodic box the two leaflets share the same lateral area; with the same
number of lipids on both sides neither of them is at its own equilibrium area
per lipid, and the resulting differential stress is an effect of the construction
that 1s superimposed on the structural differences to be measured [35, 36]. The
construction adopted assigns the two leaflets numbers of lipids that compensate

for the ratio between the equilibrium areas,

Ni _ Aout
Nout Ain ’

(2.29)

the area-based method in the classification of Park and co-workers [36]. The
equilibrium areas were measured by simulating, for each leaflet composition,
a dedicated symmetric bilayer with the same protocol (the systems listed in
Table 2.7 as inner or outer leaflet of samples 6 and 7), as the average over the
production window with the standard error from the number of independent
samples. Among the pairs of integers with a total between about 590 and 610
lipids, those whose deviation from the ratio (2.29) is smaller than the uncer-
tainty of the areas, which at these sizes corresponds to about one lipid, are
equivalent, and among them the pair that best reproduces the nominal mole
fractions was chosen. Since in an asymmetric bilayer the two leaflets con-
strain each other and (2.29) does not guarantee zero tension per leaflet [35],
the construction is checked a posteriori for compatibility, by comparing the
mean lateral area of each asymmetric bilayer with the area predicted from the

numbers of lipids and the reference areas.
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2.13.4 Simulated compositions

Of the seven measured compositions five have a simulation of the same com-
position, and for the two asymmetric systems both the compositions of the
individual leaflets and the complete bilayer were simulated. Cases 3 and 4,
with milk and brain sphingomyelin, are left out, because the CHARMM36
parameters of sphingomyelin were validated on the palmitoyl and stearoyl
species [54] and the longer-chain species would introduce into the compari-
son a parametrization uncertainty extraneous to the SAXS model. Egg sphin-
gomyelin consists for more than 90 % of the two validated species and is the
only one used in the asymmetric preparations. In the fit it is approximated by

the palmitoyl species alone; in the simulations it is the four-species mixture.

2.13.5 Convergence checks

Each trajectory is checked for the expected number of frames, the regularity
of the time steps and the absence of constraint-solver warnings in the logs.
From the energy file the lateral area, the density, the mechanical surface tension
Y=L, [Pz — (P +Pyy)/2]/2, with L, the box dimension along the normal, and
the in-plane anisotropy are monitored; a zero mean tension verifies the semi-
isotropic coupling.

The production window is determined on the area per lipid, the lateral area
divided by the number of molecules per leaflet, cholesterol included, by adopt-
ing the later of two times. The first is the end of the initial contraction, the first
2-ns block whose mean enters the band of two standard deviations of the block
means of the last quarter of the series. The second is the time that maximizes

the number of uncorrelated samples in the remaining part of the series, ac-
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cording to the criterion of Chodera [69]. The number of independent samples
is the number of points in the window divided by the statistical inefficiency
1 + 27 /At, with Ty the integrated autocorrelation time and Ar the sampling
interval, and the standard error of a mean is the standard deviation divided by
the square root of that number. The surface tension is averaged over the whole
trajectory, with the standard error from four blocks. Stationarity is verified
over the last two thirds of the trajectory, 100-300 ns. A linear drift of the area
above 1 % of the mean is flagged, unless it is smaller than two standard errors,
and so is a difference between the means of the two halves larger than two
standard errors and 0.5 %.

In the systems with cholesterol it is checked that the constructed asymme-
try is preserved. The two leaflets are defined by the phosphorus atoms of the
phospholipids, the bilayer center is recomputed at each frame and each choles-
terol molecule is tracked through its hydroxyl oxygen; a crossing is counted
when the molecule moves beyond a dead band around the center and remains
there for a minimum dwell time. The detector was verified on synthetic tra-
jectories built for this purpose. For the profiles along the normal the PBC are

removed and the membrane is centered in the box with gmx trjconv.

2.14 Closure test

The experimental fit does not distinguish a disagreement due to the functional
form, which does not represent the structure, from one due to the data, which
do not determine the parameters. On data for which the structure is known the

two causes become separately measurable. The test is carried out on the two
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asymmetric bilayers (Sec. 2.13.3), whose transverse structure is the object of

the ASDP model.

2.14.1 Synthetic curves

Each curve is computed from the electron density that is recombined from the
volume-fraction distributions of the fine partition (Sec. 2.15.4), and not from
their representation, so that the error of the functional form remains in the test.
In the fine partition the pieces of cholesterol have different electron densities
(Sec. 3.5.1), while the model describes cholesterol as a single group. The curve
has 100 points uniformly spaced in logarithm between 0.005 and 0.5 A~! and
a constant background. Three levels of counting noise are used, with a relative
error of 1, 0.3 and 0.1 % on the first point. GENFIT receives the uncertainties
written with the curve and not those of the error law (2.15). These are the
uncertainties of the noise drawn into the curve, so xﬁata, the mean over the 100
points of a single curve, is close to one for a model that reproduces the curve

within the noise.

2.14.2 Model and true values

Each curve is fitted alone with the ASDP model of a single bilayer, without
other populations or structure factor and without the restraints of Sec. 2.8. Only
the background, fixed at its value in the synthetic curve, and the number of
each group per molecular unit, taken from the simulated composition, are held
fixed. Volumes, areas, envelope parameters and the positions and widths of the
groups are free. The check of GENFIT that every volume fraction lies between

zero and one remains active and adds its penalty to the objective function.
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The true values are those of the simulation and of its representation with erf
slabs (Sec. 3.6.1). Volumes are the simulated ones (Sec. 3.5.2) and areas those
of the representation (Sec. 2.15.3), and the positions enter as f; = |2,|/Dp.qa-
The smoothing oy, ¢ of the envelope (2.8) comes from a fit of the envelope to
the simulated hydrophobic distribution with Dy, o fixed. The interpenetration
Omid does not enter the intensity, because its two terms in (2.11) cancel when
the methylene of the two monolayers has the same SLD. It acts only through
the check on the volume fractions. Its true value is the one that best describes
the simulated monolayers, raised until the true profile satisfies the check. The
terminal methyls are left out of the comparison, because their two slabs overlap
at the midplane and the representation describes them only through their sum
(Sec. 2.15.3).

For sample 7 the test is repeated with cholesterol divided into two groups,
the ring (151 electrons, 375.4 A3) and the chain (65 electrons, 278.3 A3), each
with the number per molecular unit of cholesterol. Their volumes add up to
that of the single group, so the hydrophobic thickness and the envelope are
unchanged. The true positions and widths of the two pieces come from one erf

slab per monolayer fitted to their simulated distributions.

2.14.3 Protocol

The model is first evaluated at the true parameters, without minimization. The
resulting xgata measures the error of the functional form against the noise of
each curve. In the fits each parameter is bounded within 420 % of its true
value, and five starting points are drawn uniformly within the bounds. The

same fits were also run with bounds at 10 and +5 %. The minimizer is
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SIMANN with 20 cycles, 100 temperature levels and 7y = 1078, as in Sec. 2.9.
The initial temperature is instead 7; = 10, because with 7; = 1073 about a third
of the runs ends in a minimum far from the true parameters (Appendix C.1). A
run is converged when its objective function is within 1.5 times the lowest of
the runs. The best fit, the converged run with the lowest objective function, is
reported together with the range of the converged runs.

A second test 1solates the functional form. All parameters are held at their
true values except the half-widths and smoothings of the terminal methyls and
of cholesterol (or of its ring and chain), the positions of cholesterol and Gyiq,
with bounds at 420 and +50 %.

, the half-widths and smooth-

The recovered quantities are the positions |z,
ings with the effective widths (2.24), the hydrophobic thicknesses, the areas
and the volumes. For the transverse asymmetry they are the differences be-
tween the outer and the inner leaflet in area and in the positions of phosphate

and choline (Sec. 3.7.2).

2.15 The MDtoSDP program

The comparison between the distributions obtained from the simulations and
those obtained from the fit requires that the former be constructed in the same
terms as the model of Sec. 2.6, with the same chemical groups, the same quan-
tity (the volume fraction) and the same normalization. SIMtoEXP [33] com-
putes the per-group profiles and the form factors from the trajectories, with the
group volumes taken from the literature or declared by the user. The program

written for this work, MDtoSDP, adds the partition into groups in the conven-
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tion of the model, the measurement of the group volumes on the simulation
itself with a diagnostic of how well they are determined, the representation of
the profiles in the functional form of the fit and the generation of synthetic

curves for the closure test.

2.15.1 Stages and products

The program is organized in three stages (Figure 2.6). The first assigns each
atom to a chemical group, computes the mass-density profiles along the nor-
mal, derives the group volumes and converts the densities into volume frac-
tions; the second represents the distributions with the functional form (2.5); the
third generates a scattering curve from the electron density. Each stage reads
the products of the previous one and writes its own, so that every intermediate
product can be inspected. The two downstream stages both read the products
of the first and exchange nothing with each other, because the synthetic curve
must be generated from the measured distributions and not from their represen-
tation; generating the synthetic data with the same functional form with which
they are refitted would leave the error of the functional form out of the test.
The link between the atoms of the simulation and the groups of the model is
declared in two configuration files read by all three stages. The chemical-group
file lists, for each species, which atom names form choline, phosphate, glyc-
erol or sphingosine backbone, methylenes, unsaturated carbons and terminal
methyls, and for cholesterol distinguishes the sterol ring system from the iso-
octyl chain; the names are those of the CHARMM?36m topology. The system
file declares which chemical groups are aggregated into a single group of the

fit, which whole molecules constrain the sum of the volumes of their groups,
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Figure 2.6: The chain from trajectory to synthetic curve. Light boxes are mea-
surements on the trajectory, dark boxes models, dashed boxes constraints or
independent tests; the labels on the arrows indicate the nature of each step.

which groups are anchored to the geometric measurement and with what toler-
ance, which window of the trajectory constitutes the production and with what
step the normal is sampled. Before each run the program verifies that every
atom not declared as extraneous (the ions) belongs to a group, and stops if the
coverage is not complete, because an unassigned mass would disappear from
the denominator of the normalization without warning.

The first stage delivers to the other two (Table 2.9) the volume-fraction dis-
tributions of all groups, tabulated on the same grid in z with their uncertainty, a
condition for (2.3) to be defined point by point, and the volume record, which
for each group reports the volume, the chemical groups merged into it, the un-
certainty and the source that determined it. The areas per molecule of each
monolayer and the numbers of units n, expected from the composition are

computed on input to the representation stage.
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Stage Receives Produces

Partition and volumes trajectory, structure, group @,(z) on a common grid (nm);

declaration group volumes (A3) with their
source
Representation ¢q(z), volumes, areas (A) Zg, Wg, O per group and mono-
layer
Generation ¢, (z) or electron density q,1(q), o(q)

Table 2.9: Inputs and products of each stage, with units.
2.15.2 Group volumes

The model requires a volume for each group, and the published values are
measured on pure-lipid bilayers and are reliable for the polar headgroup and
for the chains as a whole, not for the individual groups into which the model
decomposes them. The compositions contain sphingomyelin and cholesterol
in high fractions, and adopting the tabulated values would introduce into the
reference profiles the structure of a system different from the simulated one.
The volumes are therefore measured on the simulation.

The starting point is the mass-density profile pén(z) of each group, com-
puted by GROMACS in each slice of the box. With u, the specific volume of
the group, the volume of a chemical unit i8S V, = Ugu,, With U, the mass of
the unit, and the product @,(z) = pg'(z) ug is the fraction of the slice volume

occupied by the group. The filling factor

Prot(z) = ZP?(Z) Ug (2.30)
g

is the fraction of the volume of the slice at z covered by the volumes assigned
to the groups, and equals one at every z if and only if the volumes fill space.
The distributions delivered downstream are the normalized fractions @g(z) =

®q(2)/ Prot(z), whose sum is one by construction; the deviation of @y(z) from
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one measures how well the volumes fill space, whereas the normalized sum
does not.
One measurement follows from the filling condition. Imposing @yor(zx) = 1

at all points z; of the grid yields the overdetermined linear system

Y g (z)ug = 1, k=1,...,n,, (2.31)
8

in the specific volumes, solved by least squares; this is the procedure of Petra-
che and co-workers [70] adopted in the SDP model [34]. The system matrix
X, with elements X;, = pg"(z), is the Jacobian of the residuals with respect to
the volumes, constant because the model is linear. Two groups distributed sim-
ilarly along the normal contribute to X with nearly parallel columns, and can
exchange volume without any change in the residual; the system determines
their sum well and the two addends poorly. The degeneracy is measured by the
condition number, the ratio of the largest to the smallest singular value of the
system matrix, and by the correlations between the estimated volumes.

The geometric measurement partitions the space of the box among the
atoms, and the volume of a group is the sum of the volumes of the cells of
its atoms. It does not depend on the shape of the profiles and is complemen-
tary to the filling measurement, whose degeneracy it does not share; the two
are not statistically independent, because they come from the same trajectory.
The ordinary Voronoi tessellation ignores atomic sizes and is reliable on whole
molecules but not on subgroups; for these the radical tessellation, or power di-

agram [71], is used; it assigns each point to the atom that minimizes

m(x) = |[x—x||* 7, (2.32)
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with r; the van der Waals radius of atom i, taken from Bondi [72] (1.20 A for
hydrogen; for the ions the ionic radii are used). The result depends on the
radii, which are an input and not a measurement, and the tessellation assigns
the bulky interfacial groups part of the surrounding free volume. With all radii
set equal, (2.32) reduces to the ordinary tessellation, and the sampled volumes
must reproduce the exact ones computed with freud [73]; this is the internal
verification of the code (Sec. 3.5.2).

The two measurements are combined in a single least-squares problem in

the specific volumes u,, whose minimized function is the sum of three terms:

n; 2
By(w) = Y [V pP ) — 1]
k=1"¢
M, pu 2
+Y Y= ] (2.33)
-8 ¢
o 2 O
+ Z 0)5 (Ltg—uz,’eom) : W, = —gqéom.
€T TgUg

M Filling: the rows (2.31), one per grid point z;, with unit weight.

B Whole molecules: for each declared molecule ¢, the sum of the volumes of its groups
must reproduce the volume V; of the whole molecule from the tessellation; M, ; is the mass
of group g in the molecule, and the division by V, makes the residual comparable with that

of a filling row.

B Geometric recall: for each group of the set .7 with a declared relative tolerance 7, the

volume is pulled toward the value u5"°" of the radical tessellation, with weight @,.
p g gnt e

The scale oy, is the root-mean-square deviation of @ (z) — 1 over the filling
rows, computed in a first solution of the system without the geometric terms

(recall and imposed values), which also provides the value of each volume
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determined by the profile alone; the complete system is then solved a second
time. With this weight a deviation of one tolerance from the geometric value
contributes to the minimized function as much as a single point of the profile,
and the recall acts only along the directions in which the profile is indifferent,
whereas along the directions determined by the profile its contribution is neg-
ligible; the final deviation from the geometric value, in units of tolerance, is
reported with the volume. A zero tolerance T, imposes the geometric value,
an undeclared tolerance leaves the group to the profile alone, and intermediate
values of 7, regularize the degenerate directions. The decision is made group
by group. The geometric measurement is excluded for the choline, and for the
terminal methyls in the systems with cholesterol and in the asymmetric bilayer
of sample 6, for which it is distorted, imposed for the groups that the pro-
file does not determine, because they are too poorly represented or degenerate
with a neighboring group, and left as a recall with uniform tolerance 7, = 0.10
for the remaining ones; the volume of the water far from the polar region is
obtained from the plateau of its own profile. The value of 7, was calibrated
by a scan on a development system, a bilayer of DPPC, POPC, POPE, POPS,
palmitoyl sphingomyelin and cholesterol, as the tightest value for which the
deviation of @, from one remains unchanged from the solution without recall.

Each of the two systems is solved by singular value decomposition, which
yields the condition number, the correlations between the volumes and the
number of effective degrees of freedom. The latter is the trace of the projection
matrix restricted to the filling rows and counts how many free volumes the
profile, rather than the recall, determines. The normalization of the fractions

alters the distributions by a relative amount of the order of oy, reported for
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each system in Table B.2.

The statistical uncertainty is measured by dividing the window over which
the distributions are averaged (Sec. 3.4) into contiguous blocks of equal length,
five for the symmetric bilayers and six for the asymmetric ones, of 20-50 ns,
four to fourteen times the autocorrelation time of the lateral area (Sec. 2.13.5),
and repeating the whole chain on each; the standard deviation across blocks
provides the uncertainty on the volumes and the band on the profiles. A group
determined by the geometric recall has by construction an almost zero spread
across blocks, and the model error remains invisible to the resampling; the
known systematic sources are the choice of the atomic radii, which in the de-
velopment system shifts the phosphate by 7 % and the polar groups by 3 %
when the hydrogen radius is changed from 1.20 to 1.09 A [74], and the dif-
ference in definition between geometric and filling volume, which for water
amounts to 2-3 %. The uncertainties reported on the volumes are the statis-
tical ones only. The stage stops if the condition number, the deviation of @
from one, the box volume balance or the deviation from the literature volumes
exceed fixed thresholds; the volume balance, the sum of the volumes of all
molecules compared with the volume of the box, is the only criterion indepen-
dent of the least-squares solution.

The volumes are determined on a partition in which each group is chemi-
cally homogeneous, finer than the groups of the model where these are not. The
ring system of cholesterol, with its two methyls and the hydroxyl, is a group of
its own, and the atoms of its chain belong to the methylene and terminal-methyl
groups and to a group of sp> carbons. The sp? carbons of the acyl chains and

of the sphingosine are separate groups. Since volume fractions are additive,
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the distribution of each group of the model is the sum of those of its members,
and its volume is the mean of their volumes weighted by the numbers of units.
The alternative, solving (2.33) directly on the groups of the model, requires
a single specific volume for groups whose density changes along the normal,

and was discarded (Sec. 3.5.1).

2.15.3 Profile representation

The second stage represents the measured distributions with (2.5), one per
monolayer and per group, and derives from them position, half-width and
smoothing; the simulations thus yield structural parameters in the same quan-
tities as the experimental fit, and the residual of the representation measures
how well the functional form reproduces the observed distributions.

In (2.7) the prefactor ng o Ve o/ (2AqWg ) of each distribution is fixed by
the number of units, the volume and the area per molecule. In the represen-
tation none of the three is unknown, since the number of units n, is obtained
by counting the molecules in the structure, the volume comes from the first
stage and the area appears in (2.7) only through the ratio ng ¢ /A and is fixed
at the value obtained by integrating the profiles, with the fraction of lipids of
each leaflet measured rather than assumed. The integral of each distribution
1s therefore predicted without free parameters, and position, half-width and
smoothing remain free.

The free parameters are fitted as logarithms if positive and as logits if pro-
portions, so that the inner problem is unconstrained. The position is obtained

from a proportion p € [0, 1] interpolated between two extremes that depend on
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the half-width,

lg.0 — Zmin(Wg,Oc) + [Zmax(Wg,a> _Zmin(wg,a)} P, (2.34)

so that the slab remains contained in the box by construction. On the asymmet-
ric bilayers the inner edge of the terminal-methyl slab is placed at the bilayer
center and the position ceases to be a parameter, because the methyls of the
two monolayers meet at the center by construction and two free positions, with
leaflets of different thickness, could overlap in a physically meaningless way.
The minimization is carried out with a trust-region method for nonlinear least
squares [75], with unweighted residuals, because the statistical band on the
profiles is almost zero for the groups anchored to the geometric measurement
and using it as a weight would give those groups an arbitrary importance.

The representation is assessed on the root-mean-square shape residual, com-
puted after matching the integrals; when the two slabs of a group overlap along
the normal, as for the terminal methyls, the comparison is carried out on the
sum. Its imprint on a curve is measured by replacing, in the simulated electron
density, each distribution with its slabs at the electron density of the group,
with the rest of the density unchanged. The amplitudes F(g) of the two den-
sities are computed on 200 points between 0.05 and 0.6 A-1 and compared

through the factor

_ Zq‘ |Fineas(q)| — ¢|Frep(q)| ‘ X4 |Fmeas| [ Frep]

RF 9 Cc = 9
Zq‘Fmeas(Q)‘ Zq‘Frep|2

(2.35)

where the scale ¢ 1s optimized so that Rr measures the shape; the ratio of sums

avoids the divergence near the zeros of the amplitude, and with it the positions
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of the minima of |F(g)|? are compared. R is zero for amplitudes of the same
shape and gives the summed deviation of the moduli as a fraction of their sum,
so that 0.05 corresponds to a mean deviation of about 5 %. The shape residual
measures the part of each profile that cannot be represented by (2.5), and the
comparison on the amplitudes measures whether that part is visible in a curve.
Half-width and smoothing are compared with the experimental fit through the

effective width (2.24).

2.15.4 Synthetic curves

The third stage transforms an electron-density profile into a scattering curve
with counting noise, readable by GENFIT, with the expressions of Sec. 2.6.
The electron density p,(z) is built with the number of electrons of each atom
or group, without atomic form factors. The direct source derives it from the
whole trajectory, water and ions included, without assumptions on the groups
or on the volumes, and is the check independent of the partition into groups; the
recombined source weights the measured volume-fraction distributions by the
electron content of each group, and provides the curve implied by the measured
volumes. The two differ in the ions, excluded from the partition into groups,
whose contribution to the density of the water layer at 0.15 M KCl is of the
order of one percent.

The origin of z is placed at the bilayer center, identified as the centroid
of the terminal-methyl profile above half its height; the Luzzati thickness in

(2.12) 1s the total volume of the lipids divided by the in-plane area of the box.
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The amplitude
F(a) = [ [pel) ~ po] e az (2.36)

is computed by quadrature at the requested values of g and not with a discrete
transform, which would return it only at the multiples of 27t /L,, imposed by
the amount of water in the box. The solvent density pg is estimated from the
edge regions of the profile, and the residual contrast at the edges, which would
produce truncation artifacts, is quantified. A translation of the origin multiplies
(2.36) by a phase factor and leaves |F|> unchanged; the centering is needed for
the asymmetry indicators, the maximum and the root-mean-square value of

|ImF(q)| divided by the maximum of |F(g)

, which vanish for a symmetric
profile (Sec. 3.7.2). The quadrature was compared with the closed form (2.6)
on a profile composed of double error functions.

The grid in ¢ 1s uniform in logarithm, specified by its endpoints and number
of points. A constant background is added to the intensity, fixed as a fraction of
the intensity in the last decade of g and calibrated on the background obtained
from the fit of the experimental data, because the computed intensity has exact
zeros that a measurement does not contain; the lamellar structure factor, in the
paracrystalline and Caillé forms, 1s available and can be enabled. The noise is
that of counting statistics. The intensity is converted into counts with a scale
fixed by the prescribed relative error on the first point, each point is replaced
by a Poisson-sampled value and converted back, so that the curve remains non-
negative, and the uncertainty written next to each point is 6(g) = a\/@ , with

a the conversion scale. The libraries employed are NumPy [76] and SciPy.
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Chapter 3

Results

3.1 From the reference to the final configuration

The stages of the analysis, the modifications tested in each and the numbers of
runs are those of Table 2.6, and the acceptance criterion is that of Sec. 2.10.
Each variant is compared with the reference, unless another configuration is
named, through the difference between the medians of the two sets of runs.
Since the scale of x&ata is conventional (Sec. 2.7), the difference is expressed as
a percentage of the reference median, and the same holds for the penalty P, of a
restraint, the unweighted term of (2.18). A difference is taken as reproducible
when the central 95 % of 5000 bootstrap resamplings of the two sets [77] has
a single sign. The resampling measures the variability of the optimizer, not the
support that the data give to the difference (Sec. 2.12). Figure 3.1 shows the
change in Xc%ata of every variant, and the paragraphs below say what each group

of variants shows and why it was retained or discarded.

92



—e— retained —O— discarded

Single perturbations n
headgroup-volume weight x3.3 —e- —— 10
choline-extension weight x3.3 —— 10
area margin 3 —» 1 A2 - —c— 10
headgroup-volume weight x1/3 ——o0— —_—O— 10
choline-extension weight x1/3 —0 10
structure-factor and fy_ ranges —0- 10
cholesterol half-width bound - 10
cholesterol smoothing bound —O- —O+ 10
cholesterol position bound —_—0— —_—O— 10

Second-stage variants

lower side of the margin, 1 A2 To— —o— 8

upper side of the margin, 1 A2 —o— — 8
both weights x3.3 —— —— 10

lower side, 0 A2 —— e 5

lower side, 2 A2 -or— —Oo— 5

upper side, 0 A2 —0— —o0— 5

upper side, 2 A2 —o— -—o— 5

order weight lowered —Or— —0— 5

effective-width weight lowered —Or— —O—— 5

effective-width weight raised =01 -Oo+ 5

terminal-methyl half-width bound -o—r —O—— 5
terminal-methyl smoothing bound —O— —O0 10

backbone position bound —_—— o — 5

range of d —O- e’ 8

range of Njam D= 40 5

range of o4/d —_—O —_—— 5
range of fy,, curves 6 and 7 —O0— —O0— 10

range of kK, curve 7 <«— -2.5 < -16.9 5

Combinations
both weights, lower side —e- —e— 10
choline weight, upper side -— —— 10
choline weight, lower side —0— —_—— 10
both weights, upper side —O0— —o— 10
T T T T T T T T T
-1.0 -0.5 0.0 0.5 1.0 -7.5 =5.0 =25 0.0 2.5 5.0
X3atas all curves (%) X3atar Curve 7 (%)

Figure 3.1: Change in xgata of each variant with respect to the reference, over
all curves and on curve 7, as a percentage of the reference median. Points
are the differences between the medians; bars are the central 95 % of 5000
bootstrap resamplings of the two sets of runs, a measure of the variability of
the optimizer and not a confidence interval. The shaded band is the relative
median absolute deviation of the reference. Arrows mark values outside the
axis, and » is the number of runs of each variant; the reference has 20. Curve
7 1s shown separately because the cost of the headgroup-volume restraint and
the gain of the low-g background fall almost entirely on it.

3.1.1 Reference configuration

The reference reproduces the curves, but not its own parameters, from one run

to another. Across 20 runs xgata varies by 0.12 % overall and by at most 1.3 %
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on a single curve. Over the same runs 43 parameters spread over more than a
quarter of their range, and about 60 of the 215 end within 0.1 % of a bound in
a typical run, 31 of them in every run. The reference is therefore a distribution
of solutions with many parameters held by their bounds, and each variant is
compared with that distribution. In 19 of the 20 runs it also leaves a negative

volume to the hydration water in profile 3.

3.1.2 Single perturbations

Weights of the restraints. Raising the weights of the headgroup-volume and
choline-extension restraints from 3 - 1073 to 10~2 lowers their penalties by 94
and 91 % at a small cost in )(gata, and both modifications were retained. The
headgroup volumes move from 347 and 292 A3 to 343 and 285 A3, 1-2 A3
above their windows, at a cost of 0.50 %, and 3.2 % on curve 7. In profile
7 the choline center exceeds its limit (2.22) by 0.09 instead of 0.31 A, at no
reproducible cost. Lowering either weight to 10~3 was discarded, because the
penalties grow more than sixfold. With the lower weight the headgroup vol-
umes reach 356 and 305 A3 and xgata improves by 1.1 %, and by 7.0 % on
curve 7. The curves, curve 7 above all, favor larger headgroups than the win-
dows allow, and the volumes of the reference result from the balance between

the two.

Area margin. Reducing from 3 to 1 A2 the margins of the relations (2.19)
that involve the asymmetric leaflets costs 0.23 % in xﬁata, and the areas move
until the relations are met. The modification was retained. The reference fills

two of these relations, A62) > A2 _sand A(72) < A62) ¢ s, with s the margin,
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called below the lower and the upper side.

Wider ranges. Widening a range improves xﬁata only by moving the param-
eter to its new bound, and every such variant was discarded. Widening the
ranges of the structure factor and of fy. of curves 6 and 7 lowers xc%ata by
0.21 %, but fy ends at its new bound in all runs. The gain comes from the
stacking of the lamellae rather than from the membrane. In the reference the
position, half-width and smoothing of cholesterol are at their bounds in profiles
4,7 and 7,, and they compensate one another. Widening one of these bounds
moves the parameter to the new bound and pushes another quantity out of its
allowed region. The volume left to the water in profile 3 falls to —1.5 %, the
penalty of the effective-width restraint grows 6.3-fold, or the cholesterol edge
(2.23) of profile 7 reaches —2 A, the limit of its window. The curves therefore
ask for values outside the explored ranges, and the structure reported below is

conditional on those ranges.

3.1.3 Second-stage variants

Sides of the area margin. A margin of 1 A? was retained on each side.
On the lower side the relation is met mainly by reducing A@) the area of the
symmetric POPC/egg SM sample, by 1.1 A2, at no reproducible cost. On the
upper side it costs 0.24 %. Margins of 0 and 2 A? add no reproducible gain

and were discarded.

Both weights raised together. Raising the two weights together lowers both

penalties as when they are raised separately, at the cost of the headgroup-
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volume weight alone, 0.60 % in xﬁata and 3.9 % on curve 7. The modification

was retained.

Variants without a reproducible gain. Lowering the weight of the order
restraint from 1 to 0.3, widening the bounds of the terminal methyls and of the
sphingosine backbone, and setting the weight of the effective-width restraint
to 1072 or 10~! do not change xﬁata reproducibly. The widened bounds are
reached again, and the cholesterol widths stay at their bounds whatever the
weight. Of the structure-factor and fyg, ranges widened one family at a time,
only that of fy. gives a reproducible gain, 0.18 %, again with fyg at its new

bound. These variants were discarded.

Low-qg background. Widening the range of the amplitude x of the power-
law term of curve 7 lowers xﬁata by 2.5 %, and by 17 % on curve 7, with K
again at its new bound. The gain is not confined to the background, since A
and A(7) change by more than 1 A2 and the volume left to the water in profile 3
falls to —1.6 %. A background term should not reshape the membrane, so the
modification was discarded, and the structure reported below is conditional on

the background adopted.

3.1.4 Combinations

The retained modifications were joined in four combinations, each pairing the
choline-extension weight, alone or with the headgroup-volume weight, with
one side of the area margin. Two were retained. Both weights with the lower

side form the combined configuration, with headgroup volumes of 343 and
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285 A3 ata cost of 0.56 %, and 3.7 % on curve 7. The choline-extension weight
with the upper side leaves the headgroup volumes at those of the reference at
a cost of 0.31 %, and 1.6 % on curve 7, and was kept as the conservative
combination. The other two were discarded, one because the volume left to
the water in profile 3 falls below —2 % in 4 runs of 10, the other because it

costs 0.21 % more than the two weights alone.

3.1.5 Phosphate—choline envelope restraint

In 49 of the 160 profiles of the reference the outer edge of the phosphate, zp +
Oeff,p, lies beyond that of the choline, so that Ag‘g of (2.25) is negative, mostly
in profiles 1 and 3. The inversion is present in every configuration tested, with
a depth that depends on the other restraints. In the combined configuration it
affects 24 of 80 profiles, 19 of them by more than 0.5 A (Figure 3.2a).

The order restraint (2.20) does not prevent it. In profile 1 of the combined
configuration the two centers stay 0.50 A apart, on the threshold of that re-
straint, while the effective width of the phosphate, 2.4 A, 18 twice that of the
choline, 1.2 A. The width of the choline is not restrained (Sec. 2.8.4), and the
inversion comes from a narrow choline and a wide phosphate with ordered
centers. We therefore introduced a restraint on the outer edges instead of the
centers (2.26) as a hypothesis, to test whether the fit satisfies it and at what cost
i X dyea:

The restraint was added to the two retained combinations. The combined
configuration with the restraint is the final configuration, chosen because it
keeps the headgroup volumes closer to the windows at a higher cost on curve 7;

its results are given in Sec. 3.2. Its runs fall into two groups of solutions, shown
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(a) combined configuration (b) final, near the threshold (c) final, interior group
AZYt=—-0.90 A A% =-0.304 A =+1.64 A

0.7 1
0.6 1
0.5 1
0.4

(Pg(Z)

0.3 A
0.2 1
0.1 4

NIz 51\ N,

15 20 25 30 15 20 25 30 15 20 25 30
z(R) z (R) z(R)

phosphate = = choline  ---- centerz, = —— outer edge z; + Ocrf, ¢

Figure 3.2: Volume fractions of phosphate and choline in profile 3, with the
centers 7, (dashed) and the outer edges zg + Ocfr o (solid), whose distance is
Ag‘ét. (a) Combined configuration, the run closest to the medians of Ag‘g n
profiles 1 and 3 together. (b), (c) Final configuration, the representative runs of
the group near the threshold and of the interior group (Sec. 3.2.2). The outer
edge is defined through the second moment (2.24), not as the point where the
two curves cross.

in Figure 3.2b—c and described in Sec. 3.2.2. In the conservative combination
the restraint leaves no inversion deeper than 0.5 A in 40 profiles, against 21 of

80 without it.

3.2 The final configuration

The final configuration (Sec. 3.1.5) differs from the combined configuration
only by the envelope restraint. We therefore compare the two to isolate the ef-
fect of the restraint, whereas a comparison with the reference would also con-
tain the effect of the weights and of the area margin. The final configuration

was minimized in 30 runs, and structural quantities are given as mean =+ stan-
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dard deviation over the runs of one group of solutions (Secs. 2.12 and 3.3.1).

3.2.1 Agreement with the data

Figure 3.3 shows the seven curves with the model of the representative run
of the group near the threshold (Sec. 3.2.2). Neither xgata, which is not a
reduced y? (Sec. 2.7), nor its value on curve 7 differs reproducibly from the
combined configuration (Table 3.1). The envelope restraint has therefore no
measurable cost in agreement with the data. The cost of 0.6 % with respect to
the reference, 3.6 % on curve 7, is inherited from the headgroup-volume and

choline-extension weights (Secs. 3.1.2 and 3.1.3).

Quantity Combined Final Final — combined
(10 runs) (30 runs)

Profiles with A% < —0.5A  19/80  0/240

Xinta 0.11606  0.11611  +0.04 % [—0.07,4-0.17]
X CUrve 7 0.13181  0.13167 —0.11 % [-0.66,+0.81]
Water, profile 3 (%) —0.86 —0.02  +0.84 [+0.10,41.22]
vhead (A3) 343.1 343.2 +0.09 [-0.03,+0.26]
vicad (A3) 285.1 285.1 +0.01 [-0.22,+0.23]

Table 3.1: Combined configuration, without the envelope restraint, and final
configuration, with it. Counts are over all profiles; the other values are medians
over the runs, and the last column gives the difference between the medians
with the central 95 % of 5000 bootstrap resamplings of the two sets. Over the
30 runs of the final configuration xﬁata lies between 0.1158 and 0.1163. Water

is the volume left to the hydration water, the minimum along z of 1 — Y., @(z)
(Sec. 2.10).

3.2.2 Effect of the envelope restraint

The envelope restraint removes the inversions deeper than 0.5 A, present in 19

of the 80 profiles of the combined configuration and in none of the 240 of the
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Figure 3.3: The seven SAXS curves (points) and the model of the final config-
uration (lines) in the fitted range 0.005 < g < 0.5 A‘l, for the representative
run of the group near the threshold. Curve i is multiplied by 207~ !; the labels
give the sample and its nominal composition (Table 2.2).

final one (Table 3.1). The headgroup volumes do not change, and the volume
left to the hydration water in profile 3 returns to zero.

The minimum of Ag¢ over profiles 1 and 3 separates the 30 runs into two
groups, by the criteria of Sec. 2.12 (largest gap 0.60 A, eight times the second).
In the group near the threshold, 26 runs (95 % Wilson interval [78] 70-95 %),
ARE stops at the threshold, —0.29 Ain profiles 1 and 3. In the interior group,
4 runs, it lies inside the allowed region. The fractions are frequencies of the
optimizer, not populations of membranes in the samples. The two groups reach
the same xgata with the same effective width of the phosphate in profile 1, 2.49

and 2.51 A, and different widths of the choline, 1.70 and 2.33 A. The rest of
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the chapter refers to the group near the threshold, whose representative run,
close to the medians of the group, is used in the figures.

The restraint acts on the choline. In profile 1 the centers of phosphate
and choline stay at the threshold of the order restraint (2.20), and the effective
width of the choline grows by 0.46 A; in profile 3 the centers also separate
(Figure 3.2a-b). In neither profile does the effective width of the phosphate
change reproducibly.

Oeff

Profile A (AQ) Dy, phosphate choline Ag‘é‘

1 68.7+0.7 134+01 249+0.12 1.70+0.12 —0.29 +0.02*
2 569 +£04% 15.6+0.1 222+0.08 2.19+0.10 3.01 +£0.33
3 464 +0.6 183+02 291+0.18 1.70+0.11 —0.29+0.01%
4 450+0.1" 17.84+00 3.01+0.10 293+050 0.61 +0.41
5 450+ 0.0 17.4+0.0 2.07+0.08% 4.03+0.06" 3.29+0.16
6 56.0+03% 16.1+0.1 2.07+0.08% 158+0.11 0.02+0.14
7 51.5+0.5 159+02 3.08+0.08° 4.05+0.000 1.47+0.08
7 59.1 £03% 144401 275+052F 392+0.12  4.61+0.63

N~

)

Table 3.2: Area, hydrophobic thickness, effective widths of phosphate and
choline and Ag‘g in the final configuration, mean + standard deviation over the
26 runs of the group near the threshold; lengths in A. * At a bound in at least
half of the runs. T Effective width with w and o each at a bound in at least
half of the runs. * At the threshold of a restraint in at least half of the runs:
the effective-width window or spread, the area relations (2.19), or the envelope
restraint (2.26).

3.2.3 Profiles and derived observables

Figure 3.4 shows the volume-fraction profiles ¢,(z) (Sec. 2.6) of the seven
samples, computed from the parameters of the representative run. They give
the structure returned by the fit in visual form. Across the samples they show
how the distribution of the same chemical group shifts and widens with the
composition, and how thick each monolayer is, from its hydrophobic thickness
Dy,. Samples 1-5 are symmetric by construction. For samples 6 and 7 the outer
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Sample 1, POPC
1.0

0.8 1

0.6 1

0g(2)

0.4+

0.2 1

0.0 —

Sample 2, POPC/EggSM 2:1
1.0

0.8 1

0.6 1

0g(2)

0.4

0.2 1

0.0

-30 -20 -10 0 10 20 30
z (R)

—— methylene —— unsaturated carbons = —— sphingosine backbone = —— choline
——— terminal methyls @ —— glycerol phosphate water

Figure 3.4: Volume-fraction profiles ¢,(z) of the final configuration, for the
representative run of the group near the threshold; the shaded area is the water,
1 —Y, @q(z). Samples 1 and 2.
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Sample 3, POPC/MilkSM/Chol 1:1:1

0y(2)

Sample 4, POPC/BrainSM/Chol 1:1:1
1.0

0g(2)

—— methylene —— cholesterol = —— sphingosine backbone = —— choline
—— terminal methyls —— glycerol - phosphate water
—— unsaturated carbons

Figure 3.4: Volume-fraction profiles (continued). Samples 3 and 4.
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Sample 5, POPC/EggSM/Chol 1:1:1

0y(2)

Sample 6, POPC | POPC/EggSM 0.80:0.20
1.0 A !
inner leaflet, profile 1 uter leaflet, profile 6,
0.8 1
0.6 A
N
(o))
SS
0.4 1
0.2 1
0.0 — T i
-30 -20 -10 0 10 20 30
z(A)
—— methylene —— cholesterol = —— sphingosine backbone = —— choline
—— terminal methyls —— glycerol phosphate water
—— unsaturated carbons

Figure 3.4: Volume-fraction profiles (continued). Samples 5 and 6; for sample
6, the outer lamella.
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Sample 7, POPC/Chol 0.66:0.34 | POPC/EggSM/Chol 0.63:0.20:0.17
1.01 :

inner leaflet, profile 7 outer leaflet, profile 7,

0g(2)

-10 0

10 20 30
z (A)
—— methylene —— cholesterol = —— sphingosine backbone —— choline
terminal methyls —— glycerol phosphate water
—— unsaturated carbons

Figure 3.4: Volume-fraction profiles (continued). Sample 7, outer lamella.

lamella is shown, with the inner leaflet at z < 0; in sample 6 the inner leaflet is
profile 1, as assumed in Sec. 2.5.
The position and the effective width of each distribution can be compared
between samples. The detailed shape within that width depends on the split
into w and o, which the curves do not determine (Sec. 3.3.2). Table 3.2 gives,
for each profile, the area, Dy, the effective widths of phosphate and choline and
AP (Sec. 2.8.5). The marks identify the values set by a bound or held at the

threshold of a restraint, discussed in Sec. 3.3.3; all the parameters are listed in
Appendix A.
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3.3 Parameters determined by the data

This section answers the first question of Sec. 1.6, which of the structural quan-
tities returned by the model are determined by the SAXS curves and which by
the constraints. The local analysis of Sec. 2.11 was carried out at the represen-
tative run of each group of solutions, and it is compared with the spread over

the 26 runs of the group near the threshold.

3.3.1 Numerical rank and curvature

The singular values of the data Jacobian decrease over eight orders of mag-
nitude without a gap, no value exceeding the next by more than a factor of
three. Nothing separates the directions that the curves determine from those
they do not, so the numerical rank depends on the cutoff, from 47 to 100 of
198 between 1073 and 10~3. For the same reason the local curvature gives no
usable uncertainty. The uncertainty that the curvature assigns to A" of profile
3 grows from 119 A to 2.5- 107 A over the same range of cutoffs (Sec. 2.12).
Even the smallest value is more than twice the thickness of the bilayer, about
48 A in profile 3, for a quantity whose value 1s —0.29 A. The only uncertainty
reported in this work is therefore the spread across runs, and the quantities are
examined one by one in the rest of the section. Seventeen columns, whose
derivatives depend on the finite-difference step in the restraint terms, are ex-
cluded from the matrices. Among them are the positions of the phosphate in

profiles 1 and 3 and of the choline in profile 1, whose behavior is read from the

runs (Sec. 3.2.2).
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3.3.2 Half-width and smoothing

Half-width and smoothing of a group act on the curves almost only through
their combination Gefr. In the group near the threshold, 40 of the 45 pairs of w,
and o, with both columns in the matrices have nearly parallel columns, with
a cosine above 0.99. The response along the direction of constant O (2.28)
has a median of 1.2 % of that along the direction that changes it. Across the
26 runs, w and o of phosphate and choline therefore move along the curve of
constant O (Figure 3.5), with w varying by 26—49 % and 0.¢ by 5-7 %. The
data do not determine the split of O into w and o, and G alone is taken as

the structural quantity (Sec. 2.11).

3.3.3 Quantities set by the bounds and by the restraints

Much of the structure is set by the bounds and the restraints rather than by
the curves. In at least half of the runs, 56 parameters are at a bound and 33
quantities at the threshold of a soft restraint (Table 3.3), and they take the value
of the range or of the restraint. Among them is the condensation of samples 4
and 5, whose areas stop at the lower bound of 45 Az (Sec. 2.8). The effective
width of cholesterol is set in all profiles, and its position in four of the five.
The areas of the asymmetric outer leaflets are held by the relations (2.19), and
the volumes of cholesterol and of the two headgroups stay at the edges of their
windows. Twelve bounds belong to the structure factor, to fy, and to the
background, whose narrow ranges were inherited (Sec. 2.6). The values of all

these quantities are conditional on the ranges and on the restraints.
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Figure 3.5: Half-width w and smoothing ¢ of phosphate and choline in profiles
1 and 3 for the 26 runs of the group near the threshold. The thick line is the
curve of constant Oq¢ (2.24) at the mean over the runs, the thin lines are at
the mean =+ one standard deviation, and the dashed lines are the bounds of the
ranges. Each title gives o, and the correlation coefficient r between w and ©.

3.3.4 Determined and undetermined quantities

The SAXS curves determine the effective width of the phosphate in profile 1,
and in profile 3 except in five of the 26 runs, where it reaches the extreme of
the spread restraint. In profile 1 no restraint on the widths holds it, and it is the
same in the two groups of solutions, which differ in the width of the choline

(Sec. 3.2.2).

The curves determine neither the split of G.¢ into w and ¢ nor, in profile
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Class Number Quantities

At a bound in at least half of the runs

w and o both at a bound 18 terminal methyls 5, 7, 7,; cholesterol 4, 7, 75;
choline 5, 7; phosphate 6,
w or o at a bound 7 w of phosphate 1, 3; w of terminal methyls 1, 6;;

o of terminal methyls 4; ¢ of cholesterol 3; w of
sphingosine backbone 5

Positions 8 unsaturated carbons 1, 6,, 7, 75; cholesterol 7, 75;
sphingosine backbone 3, 6,

Areas 2 AW AG) at45 A2

oy, 5 profiles 1, 3, 65, 7, 7>

Volumes, Gpid 4 unsaturated carbons, sphingosine backbone, bulk
water; Opiq of sample 6

S(q), fmL, background 12 JmL of curves 6, 7; d of curve 7; o,4/d of curves

1-5; k of curve 7; o, of curves 3-5

At the threshold of a restraint in at least half of the runs

Width window or spread 19 Oef of glycerol 1, 3, 4, 7; sphingosine backbone
4, 65, 7>; phosphate 5, 6,, 7, 7»; unsaturated car-
bons 1, 6,, 7; cholesterol 3, 4, 5,7, 7>

Area relations (2.19) 3 A2 and A(62); A(72)

Order (2.20) 4 choline and phosphate in profiles 1, 6,, 7; phos-
phate and glycerol in 7,

Envelope (2.26) 2 APE of profiles 1, 3

Cholesterol edge (2.23) 2 profiles 3, 5

Volume windows 3 Vchol; PC and SM headgroups

Table 3.3: Quantities at a bound, within 0.1 % of the range, or at the threshold
of a restraint in at least half of the 26 runs of the group near the threshold.
Number counts parameters for the bounds, so a group with w and ¢ both at a
bound counts twice, and quantities for the restraints. Numbers after a group
refer to the profiles or to the curves.

1, the effective width of the choline, which differs between the two groups
of solutions at the same xgata (Sec. 3.2.2). In the group near the threshold
that width follows from the order and envelope restraints. The quantities of
Sec. 3.3.3 are set by the bounds or by the restraints, and the headgroup volumes
by the balance between curve 7 and their restraint (Sec. 3.1.2).

The envelope restraint removes the inversions deeper than 0.5 A at no mea-
surable cost in xﬁata (Secs. 3.2.1 and 3.2.2). The value of —0.29 A in profiles

I and 3 is its threshold, not a measured separation, and the curves determine
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neither the inversion nor the separation between the two outer edges.

3.4 Convergence of the simulations

The simulations of Sec. 2.13 are the reference for the second and third ques-
tions of Sec. 1.6, and their averages are meaningful only on stationary trajecto-
ries. The eight trajectories cover 300 ns each (Table B.1). Over the production
windows the area per lipid is stationary, with a linear drift below 1 % over the
last 200 ns and the means of the two halves within two standard errors. The
surface tension is zero within 1.3 standard errors. The exception is the 1:1:1
bilayer, whose area still varies slowly but stays within 0.3 A2 after 100 ns.
Volumes and distributions are averaged over windows that start at or after the
beginning of the production window.

The asymmetric bilayers were built so that each leaflet keeps the area per
lipid of its own symmetric bilayer (Sec. 2.13.3). Their lateral area matches
the prediction within 0.01 % for sample 6 and 0.4 % for sample 7, so the
construction compresses or stretches each leaflet by at most that fraction.

In the four systems that contain cholesterol no molecule changed leaflet in
300 ns, even counting every crossing of the bilayer center. With no event in
31-61 us of cumulative sampling per system, the 95 % Poisson bound places
the mean residence time of a cholesterol molecule in its leaflet above 10-20 us,

so each leaflet keeps the composition with which it was built.
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3.5 Group volumes from the simulations

MDtoSDP was applied to the symmetric bilayers with the compositions of
samples 1, 2 and 5 and to the two asymmetric bilayers. The group volumes are
the first product of the MDtoSDP chain (Figure 2.6), and every distribution of

Sec. 3.6 depends on them.

3.5.1 Chemically heterogeneous groups

The model assigns one electron density to each group, but some groups contain
chemically different parts in different regions of the bilayer (Figure 3.6). The
clearest case is cholesterol. Its ring system carries 151 of the 216 electrons
of the molecule at 8-17 A from the center, with an electron density of 0.40-
0.43 e/A3, while its branched chain fills the central 8 A with methylenes at
0.295 and methyls at 0.17 e/A3. The methine carbons also lie in three different
places, in the acyl chains at about 10 A from the center, in the sphingosine at
18 A and in the cholesterol chain near the center.

A single specific volume cannot describe such a group. Two routes lead
from the simulation to the groups of the model (Sec. 2.15.2). In the direct
route the volumes are solved on the groups of the model, with cholesterol as
one group. In the second they are solved on a fine partition into chemically
homogeneous groups, and the groups of the model are obtained by summing
their volume fractions.

Without cholesterol the two routes give the same volumes within 4 % (Ta-
ble 3.4). With cholesterol the direct route gives too little volume to the center

of the bilayer, where the light chain lies, because it uses one specific volume
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Figure 3.6: Volume-fraction distributions of the parts of three chemically het-
erogeneous groups in the simulated POPC/EggSM/Chol 1:1:1 bilayer: the ring

and the chain of cholesterol, with their sum; the methine carbons of the acyl
chains, of the sphingosine and of the cholesterol chain; the terminal methyls of
the lipid chains and of the cholesterol chain.

for the whole molecule. In the asymmetric bilayer of sample 7 the missing

volume g

oes to the terminal methyls, which grow from 54.8 to 69.5 A3. In the

1:1:1 bilayer, where the volume of the methyls is imposed, it stays as a hole,
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filled only to 0.85 at the center.

Each route gives an electron density of the simulated bilayer, recombined
from its distributions and from the electron content of its groups, and from it
a SAXS curve (Sec. 2.15.4). The reference is the curve of the fine partition,
in which each piece keeps its own electron density and which agrees with the
density computed directly from the trajectory within Rr (2.35) of 0.02 above
0.08 A~! (Appendix B.3). The curves of the two routes are compared with it
through the shift of the first minimum and through the same index, used for the
representation in Sec. 2.15.3, here between the amplitudes of each route and of
the fine partition. The summation keeps the volumes of the fine partition but
gives cholesterol a single electron density, which moves the first minimum of
the curve to lower ¢, from 0.235 to 0.216 A~! in the 1:1:1 bilayer and from
0.244 to 0.230 A~! in sample 7, by 8 and 6 % of its position. The direct route
comes closer to the curve of the fine partition, with Rr of 0.18 and 0.06 against

0.22 and 0.15, but with the deformed volumes above.

Largest volume Rr First minimum (%)
System difference (%) direct summation direct summation
POPC/EggSM 2:1 3.6, phosphate  0.001 0.006 0 0
Asymmetric, sample 6 0.7, phosphate  0.000 0.001 0 0
POPC/EggSM/Chol 1:1:1  17.3, glycerol ~ 0.18 0.22 -5 -8
Asymmetric, sample 7 27.0, methyls 0.06 0.15 -1 —6

Table 3.4: The two routes to the groups of the model, volumes solved directly
on the groups of the model (direct) and summation from the fine partition.
Largest relative difference of a group volume between the two routes. Rp
(2.35) and relative shift of the position of the first minimum of the curve of
each route with respect to that of the fine partition, both computed from the
simulated electron density (Sec. 2.15.4), on a grid of step 0.0028 A1 between
0.05 and 0.6 A~1.

The summation was adopted. It keeps the volume distributions and gives

each group the chemical content of the corresponding group of the fit, so that
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positions, widths and volumes can be compared with the fit (Sec. 3.7). Its dif-
ference from the fine partition in the curve is the imprint of the single electron
density of cholesterol, an approximation of the model and not of the simula-

tion, which Secs. 3.6.2 and 3.8.1 quantify.

3.5.2 Volumes of the groups of the model

Table 3.5 lists the volumes of the groups of the model. The solution is well
conditioned once the geometric terms are added, the volumes of the molecules
add up to the volume of the box within 0.3 %, and the filling deviates from one
by at most 1.4 % root mean square (Appendix B.2). Phosphate and choline are
strongly anticorrelated in the solution, with r between —0.91 and —0.95, so
their sum is better determined than either and varies less among the systems.
The partition between them depends on the definition of volume at the inter-
face. The radical tessellation, which assigns the free volume of the interface
to the neighboring atoms, gives the phosphate and the choline of POPC 55.7
and 148.1 A3, against 64.7 and 109.9 A3 from the filling. The dry molecular
volume of POPC, 1242 A3 from the sum of the group volumes, lies within
the window of Table 2.5, centered on the densitometric value [45], and the
PC headgroup has 306-319 A3 in the simulations, against about 331 A3 in the

literature [24] and the window of the fit (Sec. 3.7.1).
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POPC/EggSM POPC/EggSM/Chol Asymmetric

Group POPC 2:1 1:1:1 sample 6 sample 7
Methylene 26.9 27.1 27.17 27.2 26.8
Terminal methyls 58.4 57.8 52.6 57.6 54.8
Unsaturated carbons 26.5 23.9 21.57 23.8 23.5
Glycerol 143.9 132.5 139.4 139.8 143.1
Sphingosine backbone - 177.3 160.6 17577 17827
Phosphate 64.7 59.3 63.3 63.2 60.2
Choline 109.9 114.4 111.9 112.1 114.2
Cholesterol - - 624.17 - 653.7"
Phosphate and choline 174.6 173.7 175.1 175.3 174.4
PC headgroup 318.5 306.2 314.6 315.1 317.5

Table 3.5: Volumes (A3) of the groups of the model in the simulated sys-
tems. The sphingosine backbone includes its two unsaturated carbons, and
the cholesterol the whole molecule. The PC headgroup is the sum of glyc-
erol, phosphate and choline. © Volume imposed at the geometric value, for the
whole group or for one of its members. The statistical errors from the blocks
are at most 0.7 A?’, or 1.3 %.

3.6 Simulated distributions and their
representation

This section answers the first part of the second question of Sec. 1.6, whether
the erf slabs reproduce the simulated distributions of the groups and how large
an imprint their shape residual leaves on the SAXS curve. The distributions
are those of the groups of the model, obtained by summation from the fine

partition (Sec. 3.5.1).

3.6.1 Representation with erf slabs

Figure 3.7 shows the distributions of the asymmetric bilayer of sample 7 with
their representation. Table 3.6 gives the shape residuals in all five systems,
below 1 % of the peak for every group except cholesterol. The distribution of

cholesterol sums those of the ring and of the chain (Figure 3.6), which a single
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slab does not reproduce. The positions and the effective widths (2.24) of the
slabs agree with the mean and the standard deviation of the simulated distribu-

tions within 0.1 A for the polar groups, 0.2 A for the unsaturated carbons and

0.35 A for cholesterol.
POPC/EggSM POPC/EggSM/Chol Asymmetric

Group POPC 2:1 1:1:1 sample 6 sample 7
Methylene 0.64 0.47 0.89 0.38 0.66
Terminal methyls 0.53 0.47 0.17 0.69 0.54
Unsaturated carbons 0.71 0.32 0.93 0.40 0.36
Cholesterol - - 2.17 - 1.14
Glycerol 0.16 0.26 0.22 0.28 0.25
Sphingosine backbone - 0.29 0.15 0.23 0.25
Phosphate 0.21 0.47 0.28 0.42 0.41
Choline 0.17 0.34 0.24 0.33 0.27
Rr on |F(q)] 0.023 0.026 0.071 0.039 0.027
Largest shift of a minimum (%) 0.0 0.0 1.3 0.7 1.0

Table 3.6: Root-mean-square residual of the representation of each group over
the whole box, in percent of the peak of the simulated distribution; the methy-
lene is represented by two slabs, not by the envelope of the model. Below, Rr
(2.35) between the amplitudes computed from the distributions and from their
representation, and largest relative shift of a minimum of |F(g)|* present in
both curves, in the g-range 0.05-0.6 A-lona grid of step 0.0028 A1

In the symmetric bilayers the two leaflets, which have the same distribu-
tions, are represented independently. For the polar groups and the unsaturated
carbons, whose two slabs do not overlap, the half-widths of a group differ be-
tween the leaflets by up to 2.0 A and the effective widths by at most 0.09 A.
The split of the effective width into half-width and smoothing is thus not de-
termined even on the simulated distributions, as in the fit of the experimental

curves (Sec. 3.3.2) and in the closure test (Sec. 3.8.2).
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inner, POPC/Chol 0.66:0.34 outer, POPC/EggSM/Chol 0.63:0.20:0.17
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Figure 3.7: Volume-fraction distributions @, (z) of the groups of the model in
the simulated asymmetric bilayer of sample 7, inner leaflet at z < 0. Above, all

groups, with the water 1 — Y, ¢,(z) shaded. Below, each group (solid) with its
representation by erf slabs (dashed).
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3.6.2 Imprint on the amplitudes

The curve of the representation is computed from the simulated electron den-
sity in which each distribution is replaced by its slabs at the electron density of
the group, with the rest of the density unchanged (Sec. 2.15.3). Its amplitudes
differ from those of the distributions by Rr of at most 0.071. The minima of
|F(q)|? shift by at most one step of the g grid within the range of the measured
curves, which end at 0.44-0.49 A~!, and by two steps beyond it (Table 3.6
and Appendix B.3). The single electron density of cholesterol leaves a larger
imprint, Rr of 0.22 and 0.15 in the 1:1:1 bilayer and in sample 7 with respect
to the fine partition (Table 3.4).

The erf slab thus reproduces the simulated distributions except cholesterol.
In the two systems with cholesterol, the part it does not reproduce leaves on
the amplitudes a smaller imprint than the single electron density of choles-

terol, which the closure test identifies as the main error of the functional form

(Sec. 3.8).

3.7 Comparison between fit and

molecular dynamics

This section answers the third question of Sec. 1.6, whether the structure ob-
tained from the SAXS curves agrees with simulated membranes of the same
nominal composition. Profiles 1, 2 and 5 are compared with the symmetric
simulated bilayers, profile 6, with the outer leaflet of the asymmetric bilayer
of sample 6, and profiles 7 and 7, with the two leaflets of that of sample 7.

The fit values are means over the 26 runs of the group near the threshold, and
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the simulated ones are those of the representation (Sec. 3.6.1). A quantity that
the fit holds at a bound or at the threshold of a restraint (Sec. 3.3.3) is set by
them. For such a quantity the comparison tells whether the simulation lies in
the allowed region, not whether it agrees with the curves. As a scale, the same
POPC leaflet has effective widths 0.25-0.30 A apart in the symmetric bilayer

and in the asymmetric bilayer of sample 6.

3.7.1 Profile-by-profile comparison

Table 3.7 compares the quantities that describe the polar region. The only one
determined by the curves is the effective width of the phosphate in profile 1
(Sec. 3.3.4). It is 2.49 A in the fit against 2.69 and 2.99 A in the two simulated
POPC leafiets, the second the inner leaflet of sample 6, a difference of the size
of the scale above. The fit and the simulations contain the same amount of
chain, since the hydrophobic volume per molecule, dominated by the methy-
lene, agrees within 0.7 % in all six profiles. With the same volume, the larger
areas of profiles 1 and 7 in the fit, by 6 and 10 %, give thinner hydrophobic
thicknesses. In all six profiles the phosphate of the fit lies closer to the hydro-
carbon region than in the simulations, by 0.8-3.8 A, and in four of them its
position is held by the order restraint.

The simulations satisfy with margin every geometric restraint that the fit
holds at its threshold (Table 3.3). The simulated choline lies 1.2 A outside
the phosphate, against the 0.5 A of the order restraint, and its outer edge 1.6—
1.8 A beyond that of the phosphate, against the threshold of —0.3 A of the
envelope restraint. The area relations and the cholesterol edge are also met.

These restraints therefore exclude configurations that the simulations do not
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A (;\2) Dy, zp — Dy, Oefr, phosphate Ag‘g

Profile fit MD fit MD fit MD fit MD fit MD

1 687 64.9 13.4 143 43% 51 249 269 —0.29% 1.78
2 56.9%f 60.4 15.6 149 2.5 52 222 3.02 301 1.66
5  45.0* 43.0 174 182 3.7 5.1 2.07f 235 329 1.63
6, 56.0f 62.1 16.1 14.4 4.1 5.2 2.07™ 3.08 0.02 1.66
7 51.5 46.6 159 17.7 4.0+ 49 3.08% 257 147 1.77
7, 59.1% 51.9 14.4 16.5 1.4% 5.1 2.75% 265 4.61 1.70

|38}

8]

Table 3.7: Area, hydrophobic thickness, distance of the phosphate from the hy-
drophobic thickness, effective width of the phosphate and separation between
the outer edges of choline and phosphate, in the fit (mean over the 26 runs of
the group near the threshold) and in the simulations; lengths in A. Simulated
areas from Table B.1, divided by the lipids of each leaflet in the asymmetric
bilayers; the representation uses the area obtained by integrating the distribu-
tions, which differs by at most 1.5 %. The simulated hydrophobic thickness is
the hydrophobic volume divided by that area. * At a bound. " w and o each at
a bound. ¥ At the threshold of a restraint; for zp, of the order restraint with the
choline (1, 65, 7) or with the glycerol (7). All marks refer to at least half of
the runs, as in Table 3.2.

adopt either.

The windows and bounds of Table 3.8, instead, exclude the simulated val-
ues, and they fall into three groups. The cholesterol slab of the fit is held
narrow and away from the center by its bounds. The simulated cholesterol,
whose distribution sums the ring and the chain (Sec. 3.6.1), is 1.6 to 2.3 times
as wide and closer to the center. The condensation of sample 5 by choles-
terol is stronger in the simulation than the lower bound of the area at which
the fit stops. The headgroup volumes of the fit lie at the edges of their win-
dows, with the PC headgroup above its window and the sphingosine backbone
at its lower bound, whereas the simulations give a smaller PC headgroup and a

larger backbone.
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Quantity Profiles Allowed region  Fit MD

Cholesterol slab

Oefi (A) 5 2.0-3.8 2.41 5.58

Oefr (A) 7,7, w<43,0<23 338 551,547

Schol 7,72 0.65-0.88 0.65 0.50,0.46
Condensation

AB) (A?) 5 > 45 45.0 43.0
Volumes (A%)

PC headgroup all 321-341 343.2 306.2-318.5

SM headgroup all 264-284 285.1 291.5-310.3

Vamide all 82-112 82.0 116.4-135.9

VeH all 20-23 229 23.5-26.5

Table 3.8: Windows and bounds that exclude the simulated values, with the fit
at the edge of the window or at the bound in at least half of the runs. The po-
sition is fy = |24|/Dp.« (Sec. 2.8). The SM headgroup is Vymide + VP + Veholines
with Vunige the volume of the sphingosine backbone without its two unsatu-
rated carbons. The volume of the unsaturated carbons lies inside its range only
in the 1:1:1 bilayer, where it is imposed.

3.7.2 The asymmetric samples

In the simulation the POPC leaflet of the asymmetric bilayer of sample 6 places
the groups within 0.25 A of the symmetric POPC bilayer, as the fit assumes by
using profile 1 for it (Sec. 2.5). The asymmetry of that bilayer is barely visible
in the amplitude. The indicator of Sec. 2.15.4, the maximum of |ImF(q)|
divided by that of |F(g)|, is 1.33 %, about as large as in the symmetric bilayers,
0.30-1.30 %, while for sample 7 it is 5.09 %.

In sample 7 the fit and the simulation agree on the direction of the asym-
metry (Table 3.9). In both the outer leaflet has the larger area per lipid, and its
phosphate and choline lie closer to the bilayer center. In the fit, however, the
area difference is held by its relation and the outer phosphate by the order re-
straint, so that the size of the asymmetry is set by the restraints. In sample 6 the
simulated leaflets are almost alike, while the fit has an area difference of 18 %

and a phosphate displaced by 2.55 A. Here too the area is at its relation, and the
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choline follows the phosphate through the order restraint. A simulated bilayer
like that of sample 6 leaves almost no trace of its asymmetry in the curve, and
the asymmetry of the fit comes from its restraints. The closure test shows that

a single curve does not determine these differences in position (Sec. 3.8.2).

8A (A?) 8zp (A) S8 Zeholine (A)
Sample fit MD fit MD fit MD
6 —12.70%  —2.81 +2.55t 40.06 +2.56* +0.03
7 +7.65% 4527 —4.10%f —1.01 -—1.15% —1.06

Table 3.9: Differences between the outer and the inner leaflet of the two asym-
metric samples in area and in the distances of phosphate and choline from the
bilayer center, in the fit (profiles 6, and 1, 7, and 7) and in the simulated asym-
metric bilayers. The simulated 0A follows from the numbers of lipids chosen
in the construction of the simulated bilayers (Sec. 2.13.3). * Involves quanti-
ties at the threshold of a restraint, the area relations (2.19) for 6A and the order
restraint (2.20) for the positions, with the choline and the phosphate held 0.5 A
apart in profiles 1, 6, and 7 and the phosphate held 0.5 A from the glycerol in
profile 7,.

3.7.3 Agreement and differences

The fit and the simulations agree on the amount of chain and on the direction
of the asymmetry of sample 7. The one quantity determined by the curves
differs by as much as two simulated environments of the same leaflet differ
from each other. They differ in the areas of profiles 1 and 7 and in the position
of the phosphate, which in the fit lies closer to the hydrocarbon region. The
geometric restraints of the fit are compatible with the simulations, whereas the
bounds on the cholesterol slab, the lower bound on A®) and the windows on
the headgroup volumes exclude them. In sample 6 the fit has an asymmetry,

held by its restraints, that the simulation does not show.
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3.8 Closure test on synthetic curves

This section reports the closure test of Sec. 2.14, the second part of the second
question of Sec. 1.6. Sec. 3.8.1 measures the error of the functional form with
the model at the true parameters, and Sec. 3.8.2 what a single synthetic curve
determines with all parameters free. The results shown are those at the lowest
noise, 0.1 % on the first point, the case most favorable to the recovery. The

other noise levels and bounds are in Appendix C.

3.8.1 Error of the functional form

For sample 7 with cholesterol as one group, the model at the true parameters
does not reproduce the synthetic curve, with )(gata of 706, whereas with choles-
terol as ring and chain it reaches 3.20 (Figure 3.8 and Table 3.10). Freeing the
position and the widths of cholesterol, together with the widths of the terminal
methyls, lowers it to 161 but not to the level of the noise, and in every con-
verged run the cholesterol positions end at their bound. For sample 6, which
has no cholesterol, the terminal methyls are the only groups free in this test.
Their widths absorb most of the residual at the true parameters, since the rep-

resentation does not define their split between the two leaflets (Sec. 2.14).

True Methyls and All
Bilayer parameters  cholesterol free  free
Sample 6 16.2 1.52 1.15
Sample 7, cholesterol as one group 706 161 1.14
Sample 7, cholesterol as ring and chain 3.20 1.46 1.14

Table 3.10: xgata of the closure test with 0.1 % noise. At the true parame-
ters; with only w, and o, of the terminal methyls, the position, w, and o, of
cholesterol (or of ring and chain) and Gy,;q free within £50 % (for sample 6,
the terminal methyls and 6,,;4); with all parameters free within =20 %. For the
fits, lowest value among the converged runs. Other noise levels in Table C.1.
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Figure 3.8: Synthetic curve of the asymmetric bilayer of sample 7 with 0.1 %
noise, and the model at the true parameters with cholesterol as one group and
as ring and chain. Below, residuals in units of the uncertainty.

For sample 7 the single electron density of cholesterol is therefore the main
error in the functional form of the ASDP model, and dividing cholesterol into

ring and chain removes it.

3.8.2 Recovery of the parameters

With all parameters free, the best fits reach the level of the noise in all three
cases (Table 3.10). The true parameters are those of the representation of the
simulated distributions, not the minimum of xgata on the curve. Left free, the fit
moves away from them and compensates the difference between the represen-
tation and the simulated distributions by deforming the profile. The curve of
sample 7 with cholesterol as one group is thus reproduced by parameters that

differ from the true ones, and a xgata at the level of the noise does not reveal
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the error of the functional form. In the best fits of sample 6 and of sample 7
with ring and chain (Figure 3.9), the hydrophobic thicknesses and the areas are
within about 6 % of their true values, the positions of the polar groups within
26 % and the volumes within 16 %. Among the converged runs the thicknesses
and the areas vary by up to 22 %, the positions by up to 30 %, and the volumes
cover almost the whole interval of 20 %. The other noise levels give spreads
of the same order. In these runs 28 and 33 % of the parameter values end at a
bound, and 40-56 % of the half-widths and smoothings (Appendix C.2).

When the rest of the profile is held at its true values, as in the second test
of Sec. 3.8.1 with bounds at 20 %, half-width and smoothing of the inner
cholesterol ring are degenerate, as on the experimental curves (Sec. 3.3.2).
The smoothing reaches its lower bound in every run and the half-width grows,
while the effective width (2.24) stays 5-8 % below the true value. For the
outer ring half-width and smoothing end at opposite bounds, and the chain is
not determined.

With all parameters free, instead, the effective widths are not recovered.
Their median deviation over groups and runs is 14 % for sample 6 and 17 %
for sample 7 with ring and chain, with bounds at 20 %, and half-width and
smoothing grow or shrink together across the runs.

The area difference between the leaflets keeps its sign in every converged
run for sample 7 and is not recovered even in sign for sample 6 (Table 3.11).
The differences in the positions of phosphate and choline span 3-9 A among
the runs.

The closure test thus separates the two causes. The error of the functional

form lies in the single electron density of cholesterol, and dividing cholesterol
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Asymmetric bilayer of sample 6, noise 0.1 %
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Figure 3.9: Volume-fraction profiles of the best fit of the closure test (solid)
and at the true parameters (dashed), with 0.1 % noise and bounds at +20 %.
Above, all groups, with the water of the best fit shaded; below, each group

except the terminal methyls. Asymmetric bilayer of sample 6, inner leaflet at
z<0.
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Asymmetric bilayer of sample 7, cholesterol as ring and chain, noise 0.1 %
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Figure 3.9: Best fits of the closure test (continued). Asymmetric bilayer of
sample 7, cholesterol as ring and chain.

into ring and chain removes it. The limit of the recovery lies in what a single
curve determines. Without restraints the curve is reproduced at the level of
the noise by parameter sets in which the positions of the polar groups differ
by up to 30 %. Widths and volumes cover most of the interval allowed by the
bounds. The same holds with cholesterol as one group (Appendix C.3). The

curve determines the sign of the area difference of sample 7 and, when the
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Bilayer True Best fit (converged runs)

Sample 6  SA (A%) —2.6 +2.1 (—8.4,42.1)
8zp (A) +0.1 +4.3 (=2.5, +4.3)
8Zchotine (A) 0.0 +3.3 (+0.9, +4.3)

Sample 7, 8A (A%) +5.0  +6.0(+3.1,+11.9)

ringand  8zp (A) ~-1.0 +1.4(=3.5,4+1.4)

chain 8Zeholine (A)  —1.1 +3.1(—6.3,43.1)

Table 3.11: Differences between the outer and the inner leaflet in area and
in the distances of phosphate and choline from the bilayer center, at the true
parameters and in the best fit, with the smallest and largest value among the
converged runs; 0.1 % noise, all parameters free within +£20 %. The true 6A
uses the areas of the representation (Sec. 2.15.3) and differs by 0.2-0.3 A2
from the simulated value of Table 3.9. Other noise levels in Appendix C.2.

rest of the profile is known, the effective width of the inner cholesterol ring. It
does not determine the effective widths when all parameters are free, the split
between half-width and smoothing, or the differences between the leaflets in

the positions of phosphate and choline.
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Chapter 4

Conclusions

This thesis presents the first application and test of the ASDP model for the
analysis of small-angle scattering data, providing a detailed chemical-group
description of lipid membrane asymmetry along the bilayer normal (Sec. 1.3).
The work covers seven samples of different composition, from a single phos-
pholipid to two asymmetric membranes. Their SAXS curves were analyzed
in a single global fit (Sec. 2.5). Some parameters, such as the volumes of the
chemical groups, were shared among the curves, so as to reduce the number of

free parameters.

Molecular dynamics simulations of five of the same membranes provided
an independent description of their structure. The MDtoSDP program, writ-
ten for this work, applied to the simulations the same treatment as the ASDP
model, with the same chemical groups and the same smooth slabs. To check
what the fit can recover, a closure test fitted synthetic curves whose structure

was known in advance.
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The model reproduces the seven curves well (Sec. 3.2.1). However, a good
fit does not imply that every model parameter is robustly determined. Many
parameters are not determined uniquely by the SAXS data. The clearest case
1s the shape of each group: its half-width and smoothing act on the curve
almost exclusively through their combination, namely through the effective
width (Sec. 3.3.2). Consequently, only the effective width can be meaningfully

interpreted. The simulations and the closure test exhibit the same behavior.

For this reason, restraints are an essential component of the analysis. They
exclude chemically implausible configurations, such as a choline group lying
below the phosphate, without worsening the agreement with the data (Sec. 3.2.2).
Given the high number of parameters, a fit guided by restraints does not inher-
ently represent a weakness, especially when these restraints stem from inde-
pendent measurements on the same system. However, this approach alters
the interpretation of the fitted values. A parameter that settles at a predefined
bound or at the threshold of a restraint derives its value from them rather than
from the SAXS curves. The resulting fitted parameters therefore fall into two
categories: those dictated by the bounds and restraints, and those genuinely
determined by the curves (Secs. 3.3.3 and 3.3.4). Only the second category
carries the structural information that can actually be extracted from the SAXS

data.

The simulations also address a different question: whether chemical groups
can be represented in this manner at all. For every group except one, the
smooth-slab description of the volume fraction adopted by the ASDP model

matches the corresponding MD-simulated distribution closely, both in sym-
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metric and asymmetric membranes. The residual remains below one percent of
the peak height, while the position and the effective width of the slab agree with
the mean and the spread of the simulated distribution within 0.2 A (Sec. 3.6).
The exception is cholesterol. Its rigid ring possesses a significantly higher elec-
tron density than its tail, meaning that a single group with a uniform electron
density cannot properly capture its volume-fraction distribution (Sec. 3.5.1).
In the closure test, the model treating cholesterol as a single group fails to re-
produce the SAXS curve generated from the MD simulations, whereas treating

the ring and tail as separate groups succeeds (Sec. 3.8.1).

The closure test also yields one of the key methodological findings of this
work. With all parameters free, the fit successfully reproduced the synthetic
SAXS curves within their noise level, even when employing the incorrect de-
scription of cholesterol. However, the recovered volume fraction distributions
differed widely from the true ones (Sec. 3.8.2). Consequently, achieving ex-
cellent agreement with a SAXS curve does not guarantee that the underlying

volume-fraction distributions are correct.

Molecular dynamics should be viewed in the same spirit. It is not the ul-
timate truth against which the fit of SAXS curves is judged, since simulations
also rest on their own approximations. Rather, it serves as an independent
criterion because it does not rely on the SAXS curves. In this work, MD sim-
ulations served three main purposes. First, they validated the restraints: the
simulated membranes respect all geometric constraints, confirming that these
latter exclude only configurations that simulations themselves do not adopt.

Second, they revealed incompatibilities: the simulated values for cholesterol,
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the area per lipid molecule of a given sample, and the headgroup volumes
fall outside the specific ranges imposed in the SAXS fit, suggesting that these
bounds should be revised (Sec. 3.7.1). Third, they provided direct access to the
shape of the volume fraction distributions, thereby revealing the inadequacy of

treating cholesterol as a single uniform group.

The two asymmetric samples illustrate what the ASDP model can and can-
not extract from SAXS data. In sample 7, the asymmetry of the simulated
membrane produces a recognizable signal in the SAXS curve, roughly four
times larger than in sample 6. The fit and the MD simulation agree on the
qualitative trend of the asymmetry: in both cases, the outer leaflet exhibits a
larger area per lipid and its polar groups lie closer to the center (Sec. 3.7.2).
This consistent trend represents the most reliable result concerning asymmetry,
whereas its precise numerical magnitude is dictated by the restraints. In sam-
ple 6, by contrast, a membrane like the MD simulated one produces a signal as
small as that of a symmetric membrane. Consequently, the asymmetric profile
derived from the SAXS fit stems primarily from the restraints. The closure test
supports this finding, since from a single curve it recovers only whether the

area difference is positive or negative for sample 7, rather than its exact value.

Despite these insights, several limitations remain regarding both the experi-
mental protocol and the ASDP model. Experimentally, the exact compositions
of the two leaflets were assumed from the exchange protocol rather than being
directly derived from the SAXS curves (Sec. 2.2). Such compositions should
ideally be confirmed by independent measurements, as a SAXS curve does not

always provide sufficient sensitivity to resolve them. The simulated membrane
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of sample 6 is a clear case in point: although its two leaflets differ in composi-
tion, its electron density profile along the normal, which is the quantity directly

probed by X-rays, exhibits minimal asymmetry (Sec. 3.7.2).

All seven samples also contained a fraction of multilamellar vesicles. Their
SAXS signal overlaps with that of the single bilayer, requiring additional pa-
rameters for its description. Furthermore, at the lowest g values, residual buffer
contributions and larger aggregates introduce extra components, which com-
plicate the data analysis and increase overall uncertainty (Sec. 2.4). Future ex-
perimental work should therefore aim exclusively at lipid dispersions of pure
unilamellar vesicles, free from multilamellar structures and aggregates, to en-
sure a clean and isolated bilayer signal. At the same time, employing higher
lipid concentrations would raise the sample scattering above the buffer back-
ground. A stronger signal would also reduce the statistical uncertainty of the
data points at high g, which was notably large in the present work. Conse-
quently, the fits required weighting via an assumed error law rather than exper-
imental uncertainties, meaning that the current conclusions inherently rely on

this weighting scheme (Sec. 2.7).

Regarding the ASDP model itself, the primary limitation stems from the
large number of parameters. A finer subdivision into chemical groups yields
greater structural detail, but also introduces more parameters than the experi-
mental SAS data can uniquely determine. The grouping strategy must there-
fore carefully balance the level of detail required by the quantities of interest
against the constraints imposed by parameter dimensionality. Furthermore,

chemical groups are optimally chosen such that their electron densities (or
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their scattering length densities in the case of small-angle neutron scattering,
SANS) differ significantly from each other and from the surrounding solvent.
A group whose scattering length density closely matches that of its environ-

ment remains difficult to resolve.

These limitations naturally outline the prospective directions for future
work. The most immediate advancement involves SANS. By utilizing deuter-
ated lipids, such as deuterated sphingomyelins, or by employing buffers with
varying deuteration levels (mixture of D,O and H,0O), the same membrane
system can be investigated across multiple contrast conditions. Performing
a simultaneous global fit of both SAXS and SANS curves would drastically
constrain the space of viable structures compared to analyzing either data set

in isolation, thereby significantly alleviating parameter degeneracy.

The ASDP framework itself can also be refined and extended along several
lines. The most straightforward modification concerns the grouping strategy,
which could be tailored more precisely to the specific lipid species present in
the mixture. Cholesterol, in particular, should ideally be subdivided at least
into its rigid ring system and flexible hydrocarbon tail. A more profound
structural advancement involves refining how individual leaflet boundaries are
treated. Because the terminal methyl groups of the opposing leaflets over-
lap at the bilayer midplane, only their sum is rigorously defined by SAS data
(Sec. 3.8.1). Consequently, they could be treated explicitly as a single central
domain shared by both leaflets. Furthermore, the functional forms describing
the spatial distributions could be adapted directly from atomistic MD simu-

lations to better capture non-Gaussian shapes where appropriate. Finally, the
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methodology can be extended to systems of small unilamellar vesicles (SUVs).
In such highly curved architectures, the membrane geometry deviates signif-
icantly from a flat slab, allowing the united chemical group distributions to
directly quantify how curvature induced stress impacts nanoscale membrane

structure.

The developed software tool MDtoSDP could evolve along similar lines. It
will be expanded to compute SANS curves alongside SAXS profiles, as well
as X-ray and neutron reflectivity curves. Dedicated plug-ins will enable testing
alternative functional forms for the chemical groups. A further methodological
improvement will involve the way scattering curves are computed: rather than
deriving them from one-dimensional density profiles, they will be generated
directly from the three-dimensional atomic coordinates of the simulation. This
is crucial because large simulated membranes naturally undergo local thermal
fluctuations and bending, which otherwise lead to artificially broadened distri-

butions in a one-dimensional reduction.

In summary, the ASDP model provides a reliable tool for the interpretation
of SAXS curves of both symmetric and asymmetric membranes, extracting the
asymmetric volume fraction distributions of their constituent chemical groups.
Nevertheless, because scattering data alone cannot uniquely constrain the en-
tire parameter space of the ASDP model, physical restraints and independent
criteria remain essential components of the methodology. Where membrane
asymmetry generates a distinct scattering signature, the model successfully re-
solves these structural differences; where the signal is subdued, the resulting

profile is primarily governed by the applied restraints. Ultimately, the ASDP
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model establishes itself as an effective and rigorous approach for the structural
characterization of asymmetric membranes, provided that SAS measurements

are combined with independent experimental or computational validation.
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Appendix A. Parameters of the final configuration

The three tables of this appendix list all the parameters of the final configuration, as mean =+ standard
deviation over the 26 runs of the group near the threshold (Sec. 3.2.2). Positions are distances from the
midplane, and Dy, follows from the area and the hydrophobic volume. The half-width and the smooth-
ing of a group are listed separately, although the curves do not determine them separately (Sec. 3.3.2).
For the terminal methyls, w and o.¢ describe the methyl region of the whole bilayer. The marks are
those of Table 3.2. Positions are also marked ¥ when the choline or the phosphate is at the threshold
of the order restraint (2.20) or the cholesterol edge at the limit of its window (2.23), and the volume of
cholesterol at the lower edge of its window (Table 2.5). Spreads below 0.05 appear as 0.0 when one
decimal is given.

Quantity 1 2 3 4
A (A% 68.7+0.7 569+04% 464 +06 45.0 £0.1*
Dy, (A) 13.4 4+ 0.1 15.6 = 0.1 183402 17.8 + 0.0
o, (A) 3.2+ 0.0* 32400 3.2+ 0.0* 25+02
Glycerol
z(A) 144404 166+03 195406 18.8 +0.2
w(A) 1.8+0.8 27408 20408 17408
o (A) 3.0+02 23+0.3 2.9+0.3 2.1+0.3
Cefi (A) 320+001% 2.82+0.17 3.13+£0.17F  2.41 4 0.00%
Sphingosine backbone
z(A) - 154405 17.6 £0.5* 18.9 4+ 0.2
w(A) - 2.8 +0.7 1.5+0.5 1.7+£0.6
o (A) - 26+02 24403 2.0+0.3
Cefi (A) - 3.09+011 2594+029 226+0.11%
Phosphate
z(A) 177402  181+£0.1 21.0+04 21.9+£0.2
w(A) 1.9 + 0.9* 27+07 2.0+ 1.0* 2.8+ 0.6
o (A) 22404 1.5+04 2.6+0.3 25+02
Cefr (A) 2494012 2224008 291+018  3.01+0.10
z+ 0 (A) 202401  203+01 239402 24.9 £ 0.1
Choline
z(A) 1824+02%  21.1+04 220+03 22.6+0.2
w(A) 1.9+0.5 22409 20405 19+0.8
o (A) 1.3+£02 1.7+04 12402 2.64+0.7
Gt (A) 1.70£0.12  2.19+0.10 170+£0.11  2.93+0.50
2404 (A 199+0.1  233+03 237402 255+0.5
A (A)  —029+0.02F 3.01+033 —029+001% 061 +041
Unsaturated carbons
z(A) 6.0 +0.1* 8.6+ 1.0 11.94+0.1 8.1+0.1
w (A) 1.84+05 1.6 +0.5 1.1 40.1 1.44+04
o (A) 25+0.1 1.9+0.1 1.8+ 0.0 1.9 +0.1
Gt (A) 270+0.03% 213+0.17 194+004 2.06+0.13
Terminal methyls
w(A) 42 +0.0* 3.9+ 04 42 +0.0 3.0+0.1
o (A) 2.8 +0.0 2.0+03 14402 1.3 +0.5*
Ot (A) 3.69£0.00 3.00+0.13 281+0.11 221+036
Cholesterol
z(A) - - 13.0 £ 0.2% 13.4 £ 0.8
w (A) - - 33+0.0 43 +0.0*
c (A) - - 1.4 +0.0* 2.3 +0.0*
O (A) - - 238 4+ 0.00f  3.38 +0.00™

Table A.1: Parameters of profiles 14 in the final configuration.
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Quantity 5 6, 7 )
A (A% 45.0+£0.0*  56.0 £ 0.3* 51.5+0.5  59.1 +£0.3%
Dy, (A) 174+00  16.1+0.1 159 +0.2 144 +0.1
o, (A) 3.2+0.1 3.2+ 0.0 3.2+ 0.0 3.2+ 0.0
Glycerol
z(A) 187+03  16740.1 16.7£0.2 152+0.1
w(A) 32400 13403 21408 14406
o (A) 20+03 26402 29402 25402
Cefi (A) 2754021 2754018 3.20+0.00f 2.63+0.26
Sphingosine backbone
z(A) 186 £04 1544 0.2* - 140 £ 0.3
w(A) 3.14 03" 13405 - 22409
oA 2.1+03 21402 - 29402
Ot (A) 278 +023 22740.13% - 326+ 0.11%
Phosphate
z(A) 21,1401  203+0.1 198402  157+0.1%
w (A) 24+0.8 3.0 + 0.6 23408 1.8 4+ 0.7
oA 1.4 +0.4 1.1+0.3* 27+02 25405
Ouir (A) 2.07 +£0.08% 2.07+0.08" 3.08£0.08" 2.75+0.52¢
40 (A) 232401  223+0.1 229+0.2 18.5+0.6
Choline
Z(A) 224401 208+01F 203 +02F 192 +0.1
w(A) 32+0.1* 19403 3.2+ 0.0 3.1+0.1
o (A) 3.6 +0.1* 1.1+02 3.6 + 0.0 3540.1
Ceft (A) 40340067 158+0.11 4.05+0.007 3.92+0.12
2+ 0 (A) 265+02 224401 244402 23.140.1
ASS (A) 329+0.16 002+0.14 147+0.08 4.61+0.63
Unsaturated carbons
Z(A) 112+02 105+£0.1* 7.1+0.1* 6.5+ 0.0*
w(A) 12402 1.1+0.1 1.1+0.1 19406
o (A) 1.940.1 1.8+ 0.0 1.8+ 0.0 22403
Ot (A) 198 +£0.10 1.91 +£0.03% 1.92+0.03%f 247+0.20
Terminal methyls
w (A) 3.0+£02% 3.0+ 0.0 4.2 4 0.0* 4.2 4 0.0"
o (A) 1.0 & 0.0* 1.6+023 3.4+ 0.0 3.4 +0.0*
Ot (A) 2.02+0.08" 238+022 4.18+0.00" 4.18+0.007
Cholesterol
Z(A) 12.1 + 0.1% - 103+£0.1* 93 +0.0*
w(A) 34401 - 43+ 0.0 43+ 0.0
o (A) 14400 - 2.3+ 0.0* 2.3 4 0.0*
Ot (A) 241 +0.05% - 3.38 +£0.00%% 3.38 +0.00%

Table A.2: Parameters of profiles 5, 6;, 7 and 7, in the final configuration. Profiles 6, and 7, are the
outer leaflets of samples 6 and 7, and profile 7 is the inner leaflet of sample 7.
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2.50 £+ 0.00*
325£0.11

Curve L d (A) Mam 04/d (%) logyo K %
1 0.508 £0.003 65.124+0.02 2.76 £ 0.02 17.44 + 0.00* —9.154+0.04 3.81 +0.01
2 0.503+0.002 65.35+0.00 4.02+0.03 12.52 +0.00" —10.24 £ 0.09 3.96 + 0.04
3 0.838 +£0.000 70.28 +0.00 2.99 + 0.02 10.19 £+ 0.00* —10.72 £+ 0.01 3.96 + 0.00*
4  0.674 £0.000 70.38+0.00 4.20 £0.03 7.70 £ 0.00* —7.87 +0.03 2.83 4+ 0.00*
5 0.794 £ 0.000 67.99 £0.00 4.76 +£ 0.03 9.37 £ 0.00* —8.01 £0.04 2.91 £+ 0.03*
6 0.207 £ 0.000* 65.35 4+ 0.03 2.34+0.02 024 +0.00 —14.26 +0.28 1.99 £ 0.04
7 0.210 + 0.000* 67.57 £ 0.00* 3.34 £0.02 1.04 +0.00 —6.91 4+ 0.00* 3.33 + 0.00
Shared parameter Value
VCH,» methylene 27.23 +0.08
VCH;» terminal methyl 56.92 + 1.06
VcH, unsaturated carbon 2291+ 0.33*
Ve, glycerol 140.04 £ 0.47

Vamide» Sphingosine backbone without its two unsaturated carbons 82.00 + 0.01*

Vp, phosphate 55.87 £ 1.61

Vcholine» choline 147.26 + 1.67
Vehol, cholesterol 610.98 =+ 0.00*
Vw, bulk water 29.50 & 0.00*
relative density of the hydration water, vy, /Vy 1.022 4+ 0.002

Table A.3: Parameters of each curve, with opg of the two asymmetric samples, and group volumes
(A3) shared among the profiles. The hydration water has volume vy, equal to the bulk value v, divided

by its relative density.
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Appendix B. Checks of the simulations
This appendix collects the checks of the simulations and of MDtoSDP on which Secs. 3.4-3.6 rely.

B.1 Convergence

Start T Independent A Y Drift Halves Averaging
System (ns) (ns) samples (A%) (mN/m) (%) (s.e.) (ns)
POPC 5 44 33 64.86 £0.17 —0.3£0.7 0.76 04  200-300
POPC/EggSM 2:1 0 34 44 60.43 +0.09 —1.2£1.0 0.39 0.7 100-300
POPC/EggSM/Chol 1:1:1 82 438 23 43.04 £0.06 —13+19 1.16 2.3  100-300
POPC/EggSM 0.80:0.20 0 46 33 62.16+0.15 1.1£1.0 098 0.2 -
POPC/Chol 0.66:0.34 6 4.1 36 4643 £0.07 —1.8+2.1 0.74 03 -
POPC/EggSM/Chol 0.63:0.20:0.17 34 3.0 44 51.68 £0.07 —0.4 £ 1.8 0.57 0.0 -
Asymmetric, sample 6 0 35 43 63.48 £0.10 0.5£1.7 029 05 0-300
Asymmetric, sample 7 115 2.8 33 49.12+0.08 —1.1 =24 0.54 0.6 115-300

Table B.1: Convergence of the eight trajectories. Start of the production window, integrated autocorre-
lation time and number of independent samples of the area per lipid, whose mean A over the production
window is given with its standard error. Surface tension y over the whole trajectory, with the standard
error from four blocks. Magnitude of the linear drift of the area relative to its mean, and distance be-
tween the means of the two halves in units of their standard error, both over 100-300 ns. Window over
which group volumes and distributions are averaged, for the five systems analyzed with MDtoSDP.
For the asymmetric bilayers A is the lateral area divided by the mean number of molecules per leaflet.
Cholesterol counts as a molecule in all systems.

B.2 Solution for the group volumes

With all radii set equal, the tessellation of MDtoSDP reproduces the volumes computed with freud
within 0.01-0.02 % for the molecules and 0.19 % for the ions on the development system of Sec. 2.15.2.
On the fine partition the geometric terms, the recall and the volumes imposed at their geometric value,
lower the condition number from 66-421 to 20-174 (Table B.2). The final volumes lie within 1.7
tolerances of their geometric values, except the terminal methyls of POPC and of the 2:1 bilayer and
the sphingosine glycerol of the asymmetric bilayer of sample 7, at 3.0, 2.7 and 2.0 tolerances.

Free  Condition number Effective rms of Qror — 1 (%) Volume

System volumes without  with degrees without with geometric balance
geometric terms  of freedom geometric terms volumes (%)

POPC 6 66 63 5.84 0.19  0.19 2.79 0.05
POPC/EggSM 2:1 8 421 174 5.64 0.19  0.19 277 0.10
POPC/EggSM/Chol 1:1:1 7 129 20 4.82 0.63 1.38 3.58 0.27
Asymmetric, sample 6 7 364 68 5.64 0.26 0.26 2.57 0.08
Asymmetric, sample 7 8 210 35 6.07 0.43 0.70 3.07 0.10

Table B.2: Solution of (2.33) on the fine partition. Condition number and root-mean-square deviation
of @ from one without and with the geometric terms (recall and imposed values); effective degrees
of freedom determined by the filling condition; deviation with the volumes of the radical tessellation
alone; relative difference between the sum of the molecular volumes and the volume of the box.

B.3 Electron density and amplitudes

The electron density computed directly from the trajectory and the one recombined from the distribu-
tions of the fine partition differ in the water by 1.06—1.14 %, the contribution of the ions excluded from
the partition. Their largest difference along the normal lies at the bilayer center, where @ deviates
most from one. It is 1.0-1.1 % of the peak electron density in the systems without cholesterol, 1.7 %
in the asymmetric bilayer of sample 7 and 2.6 % in the 1:1:1 bilayer. Computed between the square
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roots of the two intensities, Ry (2.35) is 0.018-0.022 in the g-range 0.08-0.5 A*I, 0.10-0.18 in 0.03—
0.08 A~! and 0.02-0.29 in 0.005-0.03 A~!, where the intensity depends on the contrast integrated over
the bilayer.

On a profile of erf slabs the quadrature (2.36) agrees with the closed form (2.6) within a few parts
in 10'6 of the maximum of |F(¢)|. Figure B.1 compares the amplitudes computed from the distributions
of the groups of the model and from their representation, which overlap except near the minima.

POPC POPC/EggSM 2:1
100 g
£
S 4
= 107! 5
S ]
v
1072 g
POPC/EggSM/Chol 1:1:1 Asymmetric bilayer of sample 6
] RrF = 0.039
10° - 100 4
£
S 1 ]
— 10-1
Cha 107" 5
E ]
1072 5
E T T 1 10_2 K T T 1
0.2 0.4 0.6
qg A
Asymmetric bilayer of sample 7
10° 4
£
8 1 —— groups of the model
3 107! : representation
=
1072 3
0.2 0.4 0.6
q A

Figure B.1: Modulus of the amplitude |F(g)| computed from the simulated distributions of the groups
of the model (solid) and from their representation (dashed), on a common scale for each system; R is
given in each plot.
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Appendix C. Closure test

This appendix completes Sec. 3.8 with the convergence of the minimizer, the other noise levels and
bounds, and sample 7 with cholesterol as one group.

C.1 Convergence

With all parameters free within 20 %, 1 % noise and 7; = 1073, the initial temperature of the exper-
imental fits, 19 and 22 of 30 runs converge for samples 6 and 7. The others end in a minimum where
almost all volumes and areas sit together at their upper bound. There the hydrophobic thickness is
correct but the electron densities of the groups are not, and xfam is 552 and 413. With 7; = 0.1, 20 of
30 runs converge for both samples. With 7; = 10 and 1000 all 30 converge, and the median xgata of the
converged runs is that at 10~ within 0.4 %.

C.2 Noise levels and bounds

Table C.1 extends Table 3.10 to the three noise levels. As the noise decreases, Xgata at the true param-
eters grows much faster for sample 7 with cholesterol as one group than with ring and chain, because
the error of the functional form stays while the noise shrinks.

Noise on the first point

Bilayer Parameters 1% 03% 0.1%
Sample 6 true 122 2.58 16.2
methyls free 1.16  1.20 1.52
all free 1.13  1.16 1.15
Sample 7, true 7.80 81.7 706
cholesterol as  methyls and cholesterol free 2.50  19.9 161
one group all free 1.05 1.14 1.14
Sample 7, true 1.10 1.55 3.20
cholesterol as  methyls, ring and chain free 1.06  1.22 1.46
ring and chain  all free 1.05 1.13 1.14

Table C.1: x&ata of the closure test at the three noise levels, as in Table 3.10.

With all parameters free, the recovery does not improve as the noise decreases. At 1 % noise the
median range of D;, and A among the converged runs is 13—-19 % for sample 6 and sample 7 with ring
and chain, against 14-18 % at 0.1 %. That of the positions of the polar groups is 22-25 %, against
16-19 %. At every noise level the area difference of sample 7 keeps its sign in all runs, that of sample
6 changes sign among the runs, and the differences in the positions of phosphate and choline spread
over 4-11 A. With the rest of the profile at its true values, the effective width of the inner cholesterol
ring stays within 2.5 and 2.3 % of the true value at 1 and 0.3 % noise.

Narrower bounds bring more parameters to a bound. The fraction of parameter values at a bound
grows from 28-48 % at 420 % to 35-53 % at =10 % and 40-72 % at 5 %. At +20 % volumes and
areas are at a bound in at most 20 and 10 % of the values, half-widths and smoothings in 40-93 %.

C.3 Cholesterol as one group

With cholesterol as one group, the best fit at 0.1 % noise reproduces the curve at the level of the noise
(Table 3.10). In the inner leaflet its cholesterol slab is narrower and denser than the simulated one, and
its glycerol is displaced outward (Figure C.1). Its parameters deviate from the true ones by as much as
with ring and chain.

142



Asymmetric bilayer of sample 7, noise 0.1 %
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Figure C.1: Volume-fraction profiles of the best fit of the closure test (solid) and at the true parameters

(dashed) for the asymmetric bilayer of sample 7 with cholesterol as one group, 0.1 % noise and bounds
at 20 %, as in Figure 3.9.
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List of symbols

Symbol Meaning Defined in
Scattering
A wavelength of the radiation Sec. 1.2
Kk, ko wave vectors of the scattered and of the incident Eq. (1.1)
wave
q. g scattering vector and its modulus Egs. (1.1), (1.2)
20 scattering angle Eq. (1.2)
Gmin> Jmax limits of the g-range of a curve Table 2.3
0 nominal spatial resolution, 27 / gmax Eq. (2.1)
Pe electron density Eq. (1.5)
Po density of the solvent (electron density, or SLD in the Eq. (1.5)
model)
Fy(q) amplitude scattered by one particle Eq. (1.5)
dx/dQ differential scattering cross section per unit volume  Eq. (1.6)
np number of particles per unit volume Eq. (1.6)
(Vo average over orientations Eq. (1.6)
R radius of the disk-shaped membrane Eq. (1.7)
74 angle between ¢ and the membrane normal Eq. (1.7)
Ji Bessel function of the first kind and order one Eq. (1.7)
F(q) amplitude of the bilayer (form factor) Egs. (1.7), (2.11)
Ap area of the particle in its plane Eq. (1.8)
or volume fraction of lipid in the sample Eq. (1.9)
dp, dp o Luzzati thickness of the bilayer and of monolayer o  Eqgs. (1.9), (2.12)
R, radius of gyration of a vesicle Sec. 2.4
The ASDP model
Z coordinate along the normal, origin at the midplane  Sec. 2.6
o monolayer index, ® = 1 forz <0, x =2 forz >0 Sec. 2.6
J» Ns index and number of molecular species Sec. 2.6
Xjo fraction of the molecules of species j in monolayer Sec. 2.6
(01
C overall molar concentration of species j Sec. 2.6
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Symbol Meaning Defined in
Cia stoichiometric coefficient in the molecular unit Eq. (2.2)
Ag area per molecular unit of monolayer o Sec. 2.6
A0 area per molecular unit of transverse profile i Eq. (2.19)
Dy, Vg thickness and volume of the hydrated molecular unit Sec. 2.6
Vios Vp,as Vina volumes of the hydrocarbon, polar and water regions Sec. 2.6
Vary,a dry volume of the molecular unit Eq. (2.12)
g index of a chemical group Sec. 2.6
Ny, Ny, N numbers of apolar and polar groups; index of the hy- Sec. 2.6
dration water
Voo volume of group g Sec. 2.6
be o scattering length of group g Sec. 2.6
Pg.a scattering length density (SLD) of group g Sec. 2.6
Ng a» Mg, j number of groups g in the molecular unit and in Sec. 2.6
molecule j
0q,0(2) volume-fraction distribution of group g Egs. (2.3), (2.7)
E; double error function Eq. (2.5)
Zg,0» W, o> Og,ax position, half-width and smoothing of group g Eq. (2.5)
Ona(2) hydrophobic envelope Eq. (2.8)
Dy, o, Op.o hydrophobic thickness and its smoothing Eq. (2.8)
Omid interpenetration of the chains at the midplane Eq. (2.8)
Hy(z) indicator of monolayer o Eq. (2.10)
fe position of group g as a fraction of Dy, 4 Sec. 2.8
I(q) computed intensity of one contribution Eq. (2.12)
K constant that fixes the units of the computed intensity Eq. (2.12)
S(q) lamellar structure factor Eq. (2.13)
d, oy lamellar repeat distance and its fluctuation Eq. (2.13)
Nam, &Ny number of lamellae; weight of pairs n repeats apart  Eq. (2.13)
n, Ny Caillé parameter and its g-dependent form Eq. (2.13)
Y Euler—-Mascheroni constant Eq. (2.13)
ML weight of the multilamellar contribution Eq. (2.14)
K, 0 scale and exponent of the low-g power law Eq. (2.14)
Oeff effective width of a group Eq. (2.24)
At ¢ spread of G of group g across the profiles Sec.2.84
vggad, vgﬁ/}‘d volumes of the phosphocholine headgroups Sec. 2.8
AP distance between the outer edges of choline and Eq. (2.25)
phosphate
0A, 0zp, OZcholine  differences between the outer and the inner leaflet in  Table 3.9
area and in the distances of phosphate and choline
from the center
Fit and identifiability
o;, I; uncertainty and intensity of point i Eq. (2.15)
ke, Iy relative error and intensity of the reference point Eq. (2.15)
B exponent of the error law Eq. (2.15)
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Symbol Meaning Defined in
xgata data term of the objective function Eq. (2.16)
e, Nge index of an experiment and its number of grid points Eq. (2.16)
W, W, flat-bottom window and one-sided threshold Eq. (2.17)
L, U, s bounds of the allowed region and scale of a restraint Eq. (2.17)
o objective function Eq. (2.18)
Ae» Py weight and penalty of restraint family k Eq. (2.18)
Ck,j» Mk cost of a residual of family k; number of its residuals Eq. (2.18)
T;, T;, Ty annealing temperatures: level j, initial, final Eq. (2.27)
Nr, N, number of temperature levels and of cycles per level Eq. (2.27)
J Jacobian of the residuals with respect to the parame- Sec. 2.11
ters
U,V, s, factors and singular values of the decomposition of J Sec. 2.11
r correlation coefficient between two parameters Figure 3.5
across the runs
Molecular dynamics and MDtoSDP
UN) potential energy of the force field; the terms are de- Eq. (1.10)
fined below it
Nin, Nout numbers of lipids of the inner and outer leaflet Eq. (2.29)
Ain, Aout equilibrium areas per lipid of the two leaflet compo- Eq. (2.29)
sitions
Y mechanical surface tension Sec. 2.13.5
L, Py, Py, P, box length along the normal; diagonal of the pressure  Sec. 2.13.5
tensor
Tint integrated autocorrelation time Sec.2.13.5
pg'(z) mass-density profile of group g Sec. 2.15.2
Ug, lg specific volume and mass of the unit of group g Sec. 2.15.2
$q(2), Prot(2) unnormalized volume fraction and filling factor Eq. (2.30)
2k, Nz grid points along the normal and their number Eq. (2.31)
X matrix of the filling system Eq. (2.31)
T, I power distance and van der Waals radius of atom i Eq. (2.32)
by function minimized for the volumes Eq. (2.33)
0, Vi, Mgy molecule index, its volume, mass of group g in it Eq. (2.33)
T, Tg, W groups with geometric recall, tolerance, weight Eq. (2.33)
ug™ ™ specific volume from the radical tessellation Eq. (2.33)
Op root-mean-square deviation of @y from one Eq. (2.33)
p proportion that places a slab between its extremes Eq. (2.34)
RF, c discrepancy factor between amplitudes and its scale  Eq. (2.35)
o(q),a uncertainty of a synthetic point and conversion scale Sec. 2.15.4
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